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A stability theorem says that a nearly extremal object can 
be obtained from an extremal one by “small changes”. In this 
paper, we prove a sharp stability theorem of sets of even type 
in PG(2, q), q even. As a consequence, we improve Blokhuis 
and Bruen’s stability theorem on hyperovals and also on the 
minimum number of lines intersecting a point set of size at 
most q + 2�√q� − 2; furthermore we improve on the lower 
bound for untouchable sets.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The main result of this paper is a stability theorem on sets of even type in PG(2, q), 
q even. A stability theorem says that when a structure is “close” to being extremal, then 
it can be obtained from an extremal one by changing it a little bit.

✩ The authors were partially supported by OTKA grant K 81310. The first author was also supported 
by the ERC grant DISCRETECONT, No. 227701. At the initial phase of this research the authors were 
partially supported by OTKA grants T43758 and T49662. In that period they were affiliated with the 
Computer and Automation Research Institute of the Hungarian Academy of Sciences.
* Corresponding author.

E-mail addresses: zsuzsa.weiner@prezi.com (Zs. Weiner), weiner@cs.elte.hu (Zs. Weiner), 
szonyi@cs.elte.hu (T. Szőnyi).

http://dx.doi.org/10.1016/j.aim.2014.09.007
0001-8708/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.aim.2014.09.007
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:zsuzsa.weiner@prezi.com
mailto:weiner@cs.elte.hu
mailto:szonyi@cs.elte.hu
http://dx.doi.org/10.1016/j.aim.2014.09.007
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2014.09.007&domain=pdf


382 Zs. Weiner, T. Szőnyi / Advances in Mathematics 267 (2014) 381–394

A set of even type S is a point set intersecting each line in an even number of points. 
By counting the points of S on the lines through a point of S and on the lines through a 
point not in S, one can see immediately that q must be even. Hence from now on we will 
assume that 2|q. Another motivation for studying sets of even type comes from coding 
theory. Such sets are codewords in the dual code of the code generated by the incidence 
matrix of PG(2, q), q even. The smallest sets of even type, corresponding to codewords 
of minimum weight, are the hyperovals; they have q + 2 points. Somewhat larger sets of 
even type were constructed by Korchmáros and Mazzocca [18]. A (q + t, t)-arc of type 
(0, 2, t) in PG(2, q) is a set S of q + t points such that every line meets S in either 
0, 2 or t points. It is known, see [18], that t has to be a divisor of q. Korchmáros and 
Mazzocca also conjecture that whenever 4 divides t and t divides q, then there exists 
a (q + t, t)-arc of type (0, 2, t). Several constructions can be found in [18] and in Gács, 
Weiner [14], where it is also proved that the t-secants of a (q+t, t)-arc of type (0, 2, t) are 
concurrent. Among the sporadic examples we mention the (36, 4)-arcs of type (0, 2, 4)
in PG(2, 32) found by Key, McDonough, and Mavron [17]. More examples are given by 
Limbupasiriporn [20,21]. Recently, a new infinite class of (q + t, t)-arcs of type (0, 2, t)
was constructed by Vandendriessche for t = q/4, see [23]. Planar sets of even type also 
appear in classifying small weight codewords of the dual code generated by characteristic 
vectors of hyperplanes of PG(n, q), see De Boeck [10].

A set of almost even type is a point set having only few odd-secants. If we delete a 
point from a set of even type S then the new point set will have q + 1 odd-secants, and 
of course this will also be the case when we add a point to S. If ε points are modified 
then at least ε(q + 1 − (ε − 1)) and at most ε(q + 1) odd-secants are obtained. A further 
motivation to study sets of almost even type comes from small Kakeya-sets in AG(2, q), 
q even. If the Kakeya-set is small, then the lines of the Kakeya-set cover almost all points 
twice, hence in the dual plane they give sets of almost even type. For more details, see 
[3] and the recent paper [7].

The main result of this paper is the following stability theorem, which will be proved 
in Section 3.

Theorem 1.1. Assume that the point set M in PG(2, q), 16 < q even, has δ odd-secants, 
where δ < (�√q� + 1)(q + 1 − �√q�). Then there exists a unique set M′ of even type, 
such that |(M ∪M′) \ (M ∩M′)| = � δ

q+1�.

Let us also interpret this result in terms of codes. A set of points corresponds to a 
set of lines in the dual plane. Odd-secants correspond to points that are contained in 
an odd number of lines. Considering the sum of the characteristic vectors of the original 
lines these are just codewords in the p-ary linear code (C1(2, q)) generated by lines of 
PG(2, q), q = ph. If the number of odd-secants is δ in the original setting, then this 
codeword has weight (the number of non-zero coordinates) δ. Hence the above result has 
the following corollary.



Download English Version:

https://daneshyari.com/en/article/4665673

Download Persian Version:

https://daneshyari.com/article/4665673

Daneshyari.com

https://daneshyari.com/en/article/4665673
https://daneshyari.com/article/4665673
https://daneshyari.com

