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For 0 < ρ < 1 and N > 1 an integer, let μ be the self-similar
measure defined by μ(·) =

∑N−1
i=0

1
N
μ(ρ−1(·) − i). We prove

that L2(μ) has an exponential orthonormal basis if and only
if ρ = 1

q
for some q > 0 and N divides q. The special case is

the Cantor measure with ρ = 1
2k and N = 2 [16], which was

proved recently to be the only spectral measure among the
Bernoulli convolutions with 0 < ρ < 1 [4].

© 2014 Elsevier Inc. All rights reserved.

✩ The research is partially supported by the RGC grant of Hong Kong and by the NNSF of China
(Nos. 11371383, 11271148, 11171100 and 11371382), and the first author is also supported by the
Fundamental Research Funds for the Central Universities and Guangdong Province Key Laboratory of
Computational Science at the Sun Yat-Sen University.
* Corresponding author.

E-mail addresses: daixr@mail.sysu.edu.cn (X.-R. Dai), xingganghe@163.com (X.-G. He),
kslau@math.cuhk.edu.hk (K.-S. Lau).

http://dx.doi.org/10.1016/j.aim.2014.03.026
0001-8708/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.aim.2014.03.026
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:daixr@mail.sysu.edu.cn
mailto:xingganghe@163.com
mailto:kslau@math.cuhk.edu.hk
http://dx.doi.org/10.1016/j.aim.2014.03.026
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2014.03.026&domain=pdf


512 X.-R. Dai et al. / Advances in Mathematics 259 (2014) 511–531

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 512
2. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 514
3. Spectrality for irrational contraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 516
4. Structure of bi-zero sets for rational contraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 520
5. Spectrality for rational contraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 524
6. Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 529

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 530
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 530

1. Introduction

Let μ be a probability measure on Rs with compact support. For a countable subset
Λ ⊂ Rs, we let eΛ = {eλ = e−2πi〈λ,x〉: λ ∈ Λ}. We call μ a spectral measure, and Λ

a spectrum of μ if eΛ is an orthogonal basis for L2(μ). The existence and nonexistence
of a spectrum for μ is a basic problem in harmonic analysis, it was initiated by Fuglede
in his seminal paper [13], and has been studied extensively since then [4–10,14,16,19–21,
23,24,27,28]. Recently He, Lai and Lau [14] proved that a spectral measure μ must be
of pure type, i.e., μ is absolutely continuous or singular continuous with respect to the
Lebesgue measure or counting measure supported on a finite set (actually this holds
more generally for frames). When μ is the Lebesgue measure restricted on a set K

in Rs, it is well-known that the spectral property is closely connected with the tiling
property of K, and is known as the Fuglede problem [13,17,19,28]. For continuous singular
measures, the first spectral measure was given by Jorgensen and Pedersen [16]: the Cantor
measure μρ with contraction ratio ρ = 1/2k. There are considerable studies for such
measures [5,9,11,15,19,23,24,27], and a celebrated open problem was to characterize the
spectral measures μρ, 0 < ρ < 1 among the Bernoulli convolutions

μρ(·) = 1/2μρ

(
ρ−1·

)
+ 1/2μρ

(
ρ−1 · −1

)
.

In [15], Hu and Lau showed that μρ admits an infinite orthonormal set if and only if ρ
is the n-th root of p/q where p is odd and q is even. The characterization problem was
finally completed recently by Dai [4] that the above Cantor measures μ1/(2k) are the only
class of spectral measures among the μρ.

In this paper we study the spectrality of the self-similar measures. Let 0 < ρ < 1,
D = {0, d1, . . . , dN−1} be a finite set in R, and {wj}N−1

j=0 a set of probability weights.
We call μ a self-similar measure generated by (ρ,D) and {wj}N−1

j=0 if μ is the unique
probability measure satisfying

μ(·) = 1
N

N−1∑
j=0

wjμ
(
ρ−1(·) − dj

)
. (1.1)

We will use μρ,N to denote the special case where D = {0, . . . , N − 1} with uniform
weight, i.e.,
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