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Abstract

We examine Fourier frames and, more generally, frame measures for different probability measures. We
prove that if a measure has an associated frame measure, then it must have a certain uniformity in the
sense that the weight is distributed quite uniformly on its support. To be more precise, by considering
certain absolute continuity properties of the measure and its translation, we recover the characterization
on absolutely continuous measures g dx with Fourier frames obtained in [24]. Moreover, we prove that
the frame bounds are pushed away by the essential infimum and supremum of the function g. This also
shows that absolutely continuous spectral measures supported on a set Ω , if they exist, must be the standard
Lebesgue measure on Ω up to a multiplicative constant. We then investigate affine iterated function systems
(IFSs), we show that if an IFS with no overlap admits a frame measure then the probability weights are all
equal. Moreover, we also show that the Łaba–Wang conjecture [20] is true if the self-similar measure is
absolutely continuous. Finally, we will present a new approach to the conjecture of Liu and Wang [29]
about the structure of non-uniform Gabor orthonormal bases of the form G(g,Λ,J ).
© 2013 Elsevier Inc. All rights reserved.

MSC: 28A80; 28A78; 42B05

Keywords: Affine iterated function systems; Frame measures; Gabor orthonormal bases; Hausdorff measures; Spectral
measures; Tight frames

* Corresponding author.
E-mail addresses: Dorin.Dutkay@ucf.edu (D.E. Dutkay), cklai@math.mcmaster.ca (C.-K. Lai).

1 Current address: Department of Mathematics and Statistics, McMaster University, 1280 Main Street West, Hamilton,
Ontario, Canada, L8S 4K1.

0001-8708/$ – see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.aim.2013.11.012

http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.aim.2013.11.012
http://www.elsevier.com/locate/aim
mailto:Dorin.Dutkay@ucf.edu
mailto:cklai@math.mcmaster.ca
http://dx.doi.org/10.1016/j.aim.2013.11.012


D.E. Dutkay, C.-K. Lai / Advances in Mathematics 252 (2014) 684–707 685

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 685
2. Frame measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 688
3. Affine iterated function systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 692
4. Iterated function systems on R1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 698
5. Concluding remarks on frame measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 702
6. An application: Gabor orthonormal bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 704

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 706
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 706

1. Introduction

Everyone knows about Fourier series: the exponential functions {e2πinx : n ∈ Z} form an or-
thonormal basis for L2[0,1]. Perturbations of the set Z will produce frames for L2[0,1], or
“non-harmonic” Fourier series, see e.g., [4,30]. This idea was later extended to orthonormal bases
or frames of exponentials (Fourier frames) for fractal measures [6,13,18,16,17,21,28,33–35,7,8,
12].

In [9] the notion of frames of exponentials for an arbitrary measure was extended to that of a
frame measure.

Definition 1.1. Let μ be a finite, compactly supported Borel measure on Rd . The Fourier trans-
form of a function f ∈ L1(μ) is defined by

f̂ dμ(t) =
∫

f (t)e−2πit ·x dμ(x)
(
t ∈Rd

)
.

Denote by et , t ∈Rd , the exponential function

et (x) = e2πit ·x (
x ∈Rd

)
.

We say that a Borel measure ν is a Bessel measure for μ if there exists a constant B > 0 such
that for every f ∈ L2(μ), we have

‖f̂ dμ‖2
L2(ν)

� B‖f ‖2
L2(μ)

.

We call B a (Bessel) bound for ν. We say the measure ν is a frame measure for μ if there exist
constants A,B > 0 such that for every f ∈ L2(μ), we have

A‖f ‖2
L2(μ)

� ‖f̂ dμ‖2
L2(ν)

� B‖f ‖2
L2(μ)

.

We call A, B (frame) bounds for ν. We call ν a tight frame measure if A = B and Plancherel
measure if A = B = 1.

Using the above definitions, we see that a set E(Λ) := {eλ: λ ∈ Λ} is a Fourier frame for
L2(μ) if and only if the measure ν = ∑

λ∈Λ δλ is a frame measure for μ. {eλ: λ ∈ Λ} is a tight
frame if and only if the measure ν = ∑

λ∈Λ δλ is a tight frame measure for μ. When E(Λ) is an
orthonormal bases, μ is called a spectral measure and Λ is called a spectrum of μ [18,20].
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