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Abstract

We show that for every compact domain in a Euclidean space with d.c. (delta-convex) boundary there
exists a unique Legendrian cycle such that the associated curvature measures fulfill a local version of the
Gauss–Bonnet formula. This was known in dimensions two and three and was open in higher dimensions. In
fact, we show this property for a larger class of sets including also lower-dimensional sets. We also describe
the local index function of the Legendrian cycles and we show that the associated curvature measures fulfill
the Crofton formula.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

The goal of extending the notion of curvature to non-smooth sets (with singularities) belongs
to important tasks of geometry for decades. We consider here only subsets of the Euclidean
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No. P201/10/J039.

* Corresponding author.
E-mail addresses: dpokorny@karlin.mff.cuni.cz (D. Pokorný), rataj@karlin.mff.cuni.cz (J. Rataj).

0001-8708/$ – see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.aim.2013.08.022

http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.aim.2013.08.022
http://www.elsevier.com/locate/aim
mailto:dpokorny@karlin.mff.cuni.cz
mailto:rataj@karlin.mff.cuni.cz
http://dx.doi.org/10.1016/j.aim.2013.08.022


964 D. Pokorný, J. Rataj / Advances in Mathematics 248 (2013) 963–985

space R
d , though some approaches can be transferred to the Riemannian setting. It turned out

that curvature measures can be derived from a more complex structure called normal cycle; this
idea can be found by Sulanke and Wintgen [19] for smooth sets, Zähle [21] for sets with positive
reach, Fu [5] for more general sets, and later developed by others.

To describe the basic idea, consider a full-dimensional compact subset A of R
d with

C2-smooth boundary, and let norA be its unit normal bundle, i.e., norA consists of pairs (x,n),
where x is a boundary point of A and n is the unit outer normal vector to A at x. The normal
cycle NA of A is the (d − 1)-dimensional current which is given by integrating over the oriented
manifold norA, i.e.,

NA(φ) =
∫

nor A

φ =
∫

nor A

〈ξA,φ〉dHd−1

for any smooth (d − 1)-form φ on R
2d (here ξA is a prescribed unit simple (d − 1)-vectorfield

orienting norA and Hd−1 denotes the (d − 1)-dimensional Hausdorff measure).
Given k ∈ {0, . . . , d − 1}, let ϕk be the kth Lipschitz–Killing differential (d − 1)-form on R

2d

which can be described by〈
a1 ∧ · · · ∧ ad−1, ϕk(x,n)

〉
=O−1

d−k−1

∑
∑

i σ (i)=d−1−k

〈
πσ(1)a

1 ∧ · · · ∧ πσ(d−1)a
d−1 ∧ n,Ωd

〉
,

where ai are vectors from R
2d , π0(x,n) = x and π1(x,n) = n are coordinate projections, the

sum is taken over finite sequences σ of values from {0,1}, Ωd denotes the volume form in R
d

and Od−1 =Hd−1(Sd−1) = 2πd/2/Γ (d
2 ). Note that, in particular, ϕ0 is an O−1

d−1-multiple of the
π1-pull-back of the volume form n Ωd on Sd−1:

ϕ0 =O−1
d−1π

#
1 (n Ωd).

Integrating ϕk over norA yields the kth (total) curvature of A, which can also be expressed as
the integral of the kth symmetric function of principal curvatures of A:

NA(ϕk) =
∫

nor A

ϕk = Ck(A).

For completeness, we define also Cd(A) =Hd(A). The kth curvature measure of A, Ck(A, ·), is
obtained by localizing with a Borel set F ⊂R

d

Ck(A,F ) = (
NA

(
F ×R

d
))

(ϕk) =
∫

nor A

(1F ◦ π0)ϕk.

In case of sets with singularities, the normal direction need not be determined uniquely. A use-
ful and well tractable set class containing both smooth sets and closed convex sets is the family
of sets with positive reach (i.e., sets for which any point within a certain distance apart has its
unique nearest point in the set). Federer [3] introduced curvature measures for sets with posi-
tive reach by means of a local Steiner formula, and Zähle [21] defined normal cycles for these
sets.

Fu [5] observed that the normal cycle of a set has a tangential property called later Legendrian,
and he called Legendrian cycle any closed rectifiable (d − 1)-dimensional current in R

d × Sd−1
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