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Abstract

We introduce a class of Radon transforms for reductive symmetric spaces, including the horospherical
transforms, and derive support theorems for these transforms.

A reductive symmetric space is a homogeneous space G/H for a reductive Lie group G of the Harish-
Chandra class, where H is an open subgroup of the fixed-point subgroup for an involution σ on G.
Let P be a parabolic subgroup such that σ(P) is opposite to P and let NP be the unipotent radical of
P . For a compactly supported smooth function φ on G/H , we define R P (φ)(g) to be the integral of
NP ∋ n → φ(gn · H) over NP . The Radon transform R P thus obtained can be extended to a large class of
distributions containing the rapidly decreasing smooth functions and the compactly supported distributions.

For these transforms we derive support theorems in which the support of φ is (partially) characterized
in terms of the support of R Pφ. The proof is based on the relation between the Radon transform and the
Fourier transform on G/H , and a Paley–Wiener-shift type argument. Our results generalize the support
theorem of Helgason for the Radon transform on a Riemannian symmetric space.
c⃝ 2013 Elsevier Inc. All rights reserved.

Keywords: Radon transform; Horospherical transform; Horosphere; Support theorem; Symmetric space

Contents

0. Introduction......................................................................................................................428
1. Notation and preliminaries .................................................................................................430

1.1. Double fibrations ....................................................................................................430
1.2. Radon transforms....................................................................................................430

E-mail address: j.j.kuit@gmail.com.

0001-8708/$ - see front matter c⃝ 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.aim.2013.03.010

http://www.elsevier.com/locate/aim
http://dx.doi.org/10.1016/j.aim.2013.03.010
http://www.elsevier.com/locate/aim
mailto:j.j.kuit@gmail.com
http://dx.doi.org/10.1016/j.aim.2013.03.010


428 J.J. Kuit / Advances in Mathematics 240 (2013) 427–483

1.3. Reductive symmetric spaces .....................................................................................431
1.4. Parabolic subgroups ................................................................................................432
1.5. The class of σ ◦ θ -stable parabolic subgroups.............................................................432
1.6. Notation.................................................................................................................433

2. Radon transformation on a reductive symmetric space ...........................................................434
2.1. Horospheres ...........................................................................................................434
2.2. Double fibration......................................................................................................435
2.3. Invariant measures ..................................................................................................436
2.4. Radon transforms....................................................................................................438
2.5. Spaces of functions and distributions .........................................................................438
2.6. Extensions of the Radon transforms ..........................................................................442
2.7. Relations between Radon transforms .........................................................................446

3. Convex geometry ..............................................................................................................447
3.1. Support functions....................................................................................................447
3.2. Some lemmas .........................................................................................................448
3.3. Polar decompositions ..............................................................................................451

4. Support of a transformed function .......................................................................................452
4.1. The general case .....................................................................................................453
4.2. The horospherical transform.....................................................................................454

5. Support theorem for the horospherical transform...................................................................455
5.1. The Euclidean Fourier transform and Paley–Wiener estimates ......................................455
5.2. The unnormalized Fourier transform .........................................................................457
5.3. The τ -spherical Fourier transform F P0,τ

...................................................................463
5.4. Function spaces ......................................................................................................465
5.5. Inversion formula....................................................................................................466
5.6. A support theorem for the horospherical transform for functions...................................467

6. Support theorems ..............................................................................................................470
6.1. Spaces of distributions .............................................................................................470
6.2. Support theorems ....................................................................................................472
6.3. Injectivity...............................................................................................................475
Acknowledgments.............................................................................................................479
Appendix A. Normalization of measures ..........................................................................479
Appendix B. Transversality ............................................................................................479
References .......................................................................................................................482

0. Introduction

Let G be a noncompact connected semisimple Lie group with finite center, let G = K AN
be an Iwasawa decomposition of G and let M be the centralizer of A in K . A horosphere in
X = G/K is a submanifold of the form gN · x0, x0 = e · K . The set of horospheres is isomorphic
(as a G-space) to Ξ = G/M N via the map E : g · M N → g · ξ0, ξ0 = N · x0. The Radon
transform on X is the G-equivariant map R : C∞

c (X) → C∞(Ξ ) given by

Rφ(g · ξ0) =


N
φ(gn · x0) dn.

In [16, Lemma 8.1] Helgason proved the following support theorem for this transform.
Let φ be a compactly supported smooth function on X and let V be a closed ball in X . Assume
that Rφ(ξ) = 0 whenever E(ξ) ∩ V = ∅. Then φ(x) = 0 for x ∉ V .
Note that this theorem implies that R is injective on the space of compactly supported smooth
functions.
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