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Abstract

For finite complex reflection groups, we consider the graded W -modules of diagonally harmonic
polynomials in r sets of variables, and show that associated Hilbert series may be described in a global
manner, independent of the value of r .
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1. Introduction

For finite complex reflection groups W = G(m, p, n), we study the diagonal coinvariant
space CW for W , in several (say r ) sets of n variables. Here, the use of the term diagonal refers
to the fact that W is considered as a diagonal subgroup of W r , acting on the r th-tensor power
R(r)

n of the symmetric algebra of the defining representation of W . The space considered, C
(r)
W , is

simply the quotient of R(r)
n by the ideal generated by constant-term-free (diagonal) W -invariants.

We shall see that the associated multigraded Hilbert series, denoted C
(r)
W (q1, . . . , qr ) (which is

symmetric in the variables q := (q1, . . . , qr ), can be described in a uniform manner as a positive
coefficient linear combination of Schur polynomials

C
(r)
W (q) =


µ

cµ sµ(q), (1)

with the cµ independent of r , and µ running through a finite set of integer partitions that depend
only on the group W . This expression has the striking feature that it gives one global formula that
specializes to the dimension of C

(r)
W , for each individual r . To better see what is striking here, it is

worth recalling that, although the case r = 1 has a long history [4,13,14], it is only recently that
the special case r = 2 has been somewhat settled [3,6,7,9]. However much still needs to be done
along these lines as discussed in [8]. Some headway has recently been made in the case r = 3
(see [2,11]), but the general case is still wide open.

2. Definitions and discussion

For a rank n complex reflection group W , we may consider its “diagonal” action on the
Nr -graded space R(r)

n := C[X ], of polynomials in the r × n variables

X =


x11 x12 · · · x1n
x21 x22 · · · x2n
...

...
. . .

...

xr1 xr2 · · · xrn

 .

We consider each row of X as a set of n variables. Thinking of elements w ∈ W as n×n matrices,
the action of w is simply the map sending f (X) to f (X w). Naturally, W -invariant polynomials
in C[X ] are those that are fixed by any element of W , i.e.:

f (X · w) = f (X), for all w ∈ W.

2.1. Diagonal coinvariant space

The diagonal coinvariant space C
(r)
W is defined to be the quotient

C
(r)
W := R(r)

n /I
(r)
W , (2)

where I
(r)
W is the ideal generated by constant-term-free W -invariant polynomials in R(r)

n .
For an integer r × n matrix A = (ai j ), we denote by X A the monomial

X A
:= X A1

1 X A2
2 · · · X An

n , (3)



Download English Version:

https://daneshyari.com/en/article/4666059

Download Persian Version:

https://daneshyari.com/article/4666059

Daneshyari.com

https://daneshyari.com/en/article/4666059
https://daneshyari.com/article/4666059
https://daneshyari.com

