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Abstract

Hurwitz numbers count branched covers of the Riemann sphere with specified ramification, or equiv-
alently, transitive permutation factorizations in the symmetric group with specified cycle types. Monotone
Hurwitz numbers count a restricted subset of these branched covers, related to the expansion of complete
symmetric functions in the Jucys–Murphy elements, and have arisen in recent work on the asymptotic ex-
pansion of the Harish-Chandra–Itzykson–Zuber integral. In previous work we gave an explicit formula for
monotone Hurwitz numbers in genus zero. In this paper we consider monotone Hurwitz numbers in higher
genera, and prove a number of results that are reminiscent of those for classical Hurwitz numbers. These
include an explicit formula for monotone Hurwitz numbers in genus one, and an explicit form for the gen-
erating function in arbitrary positive genus. From the form of the generating function we are able to prove
that monotone Hurwitz numbers exhibit a polynomiality that is reminiscent of that for the classical Hur-
witz numbers, i.e., up to a specified combinatorial factor, the monotone Hurwitz number in genus g with
ramification specified by a given partition is a polynomial indexed by g in the parts of the partition.
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1. Introduction

1.1. Classical Hurwitz numbers

Hurwitz numbers count branched covers of the Riemann sphere with specified ramification
data. The most general case which is commonly studied is that of double Hurwitz numbers
Hg(α, β), where two points on the sphere are allowed to have non-simple ramification. That is,
for two partitions α, β ⊢ d, the Hurwitz number Hg(α, β) counts degree d branched covers
of the Riemann sphere by Riemann surfaces of genus g with ramification type α over 0 (say),
ramification type β over ∞ (say), and simple ramification over r other arbitrary but fixed points
(where r = 2g − 2 + ℓ(α) + ℓ(β) by the Riemann–Hurwitz formula), up to isomorphism. The
original case of single Hurwitz numbers Hg(α) is obtained by taking β = (1d), corresponding
to having no ramification over ∞.

If we label the preimages of some unbranched point by 1, 2, . . . , d , then Hurwitz’s
monodromy construction [11] identifies Hg(α, β) bijectively with the number of (r + 2)-tuples
(ρ, σ, τ1, . . . , τr ) of permutations in the symmetric group Sd such that

(1) ρ has cycle type α, σ has cycle type β, and the τi are transpositions;
(2) the product ρστ1 · · · τr is the identity permutation;
(3) the subgroup ⟨ρ, σ, τ1, . . . , τr ⟩ ⊆ Sd is transitive; and
(4) the number of transpositions is r = 2g − 2 + ℓ(α)+ ℓ(β).

The double Hurwitz numbers were first studied by Okounkov [16], who addressed a
conjecture of Pandharipande [17] in Gromov–Witten theory by proving that a certain generating
function for these numbers is a solution of the 2-Toda lattice hierarchy from the theory of
integrable systems. Okounkov’s result implies that a related generating function for the single
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