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Abstract.  In this paper a standard numerical method with piecewise linear interpolation
on Shishkin mesh is suggested to solve singularly perturbed boundary value problem for
second order ordinary delay differential equations with discontinuous convection coefficient
and source term. An error estimate is derived by using the supremum norm and it is of almost
first order convergence. Numerical results are provided to illustrate the theoretical results.
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1. INTRODUCTION

Singularly perturbed ordinary differential equations with a delay are ordinary differential
equations in which the highest derivative is multiplied by a small parameter and involving at
least one delay term. Such type of equations arises frequently from the mathematical mod-
elling of various practical phenomena, for example, in the modelling of the human pupil-light
reflex [14], the study of bistable devices [4] and variational problems in control theory [10],
etc. It is important to develop suitable numerical methods to solve singularly perturbed dif-
ferential equations with a delay, whose accuracy does not depend on the parameter ¢, that is
the methods are uniformly convergent with respect to the parameter.

In the past, only very few people had worked in the area Numerical Methods to Singularly
Perturbed Delay Differential Equation(SPDDE). But in the recent years, there has been
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growing interest in this area. The authors of [12,6,16,1,2] suggested some numerical methods
for singularly perturbed delay differential equations with continuous data. Recently few
authors in [20,21,17] suggested some numerical method for singularly perturbed delay
differential equations with discontinuous data.

In the present paper, as mentioned in the above abstract, motivated by the works of
[7,3,13], we consider the following singularly perturbed boundary value problem (2.1) for
second order ordinary delay differential equations with discontinuous convection coefficient
and suggest a parameter uniform numerical method. It is proved that this method is uniformly
convergent of order O(N " In* N).

The present paper is organized as follows. In Section 2, the problem of study with discon-
tinuous data is stated. Existence of the solution to the problem is established in Section 3.
A maximum principle of the DDE is established in Section 4. Further a stability result is
derived. Analytical results of the problem are derived in Section 5. The present numerical
method is described in Section 6 and an error estimate is derived in Section 7. Section 8
presents numerical results.

2. STATEMENT OF THE PROBLEM

Through out the paper, C, C; denote generic positive constants independent of the
singular perturbation parameter € and the discretization parameter NV of the discrete problem.
Further, Iy denotes {0, 1, ..., N'}. The supremum norm is used for studying the convergence
of the numerical solution to the exact solution to a singular perturbation problem: ||u| o, =
Sup, e [u()].

Motivated by the works of [8,3,13], we consider the following BVP for SPDDE.

Findu € Y = C°(2) N CL(2) N C?(N2*) such that

—eu”(z) + a(x)u'(z) + b(x)u(z — 1) = f(z), =€ 2%,
{u(x) — o), xel[-1,0, w®)=I, 2D
ay(z), x € [0,1], fi(x), z €10,1],
a(z) = {aQ(z), re(y, T@= {fg(:c), re(1,2),
ar(1-) #ax(1+),  fi(1=) # f2(1+4),
ai(z) > a1 > a >0, as(z) < —ag < —a <0,
a < min{ay, as}, Bo < b(z) < p1 <0, a+208y>mn >0

where 0 < ¢ < 1, a, f are sufficiently smooth and bounded in (2*. The function b is a
sufficiently smooth function on 2, 2 = (0,2), 2 = [0,2], 2* = 2~ U N*, 2~ = (0,1),
2% = (1,2) and ¢ is smooth on [—1, 0].

The above problem (2.1) is equivalent to

o f=ed" (@) + ar(2)d (z) = fi(z) = b(z)p(z — 1), =€ N7,
Pu(z): = {—Eu” x) + a;(x)u'(a:) b(lx)u(m —1) = fo(z), € 0T, 22)

u(0) =4(0),  u(l-)=u(l4), W(-)=d(14), u@)=1

where u(1—) and u(1+) denote the left and right limits of u at z = 1, respectively.
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