
On some numerical characteristics of operators

M. GÜRDAL
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Abstract. We investigate some numerical characteristics of Toeplitz operators

including the numerical range, maximal numerical range and maximal Berezin set.

Further, we establish an inequality for the Berezin number of an arbitrary operator

on the Hardy–Hilbert space of the unit disc.
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1. INTRODUCTION

In this article we investigate the so-called maximal numerical range in the sense of
Stampfli [14] for some Toeplitz operators. We introduce the notion of maximal Berezin
set for operators on a reproducing kernel Hilbert space (RKHS) and study some of its
properties for the Toeplitz operators on the Hardy spaceH2ðDÞ. In particular, we focus
on the model case of Toeplitz operators on the Hardy-Hilbert space on the unit disc.
The Berezin number of an operator is also discussed.

The Hardy space H2 ¼ H2ðDÞ is the Hilbert space consisting of the analytic func-
tions on the unit disc D ¼ z 2 C : zj j < 1f g satisfying

* Corresponding author. Tel.: +90 246 2114101; fax: +90 246 2371106.

E-mail addresses: gurdalmehmet@sdu.edu.tr (M. Gürdal), mgarayev@ksu.edu.sa (M.T. Garayev),
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fk k22 :¼ sup
0<r<1

1

2p

Z 2p

0

fðreitÞ
�� ��2dt < þ1:

The symbol H1 ¼ H1ðDÞ denotes the Banach algebra of functions bounded and
analytic on the unit disc D equipped with the norm fk k1 ¼ supz2D fðzÞj j. A function
h 2 H1 for which hðnÞj j ¼ 1 almost everywhere in the unit circle T is called an inner
function. It is convenient to establish a natural embedding of the space H2 in the space
L2 ¼ L2ðTÞ by associating to each function f 2 H2 its radial boundary values ðbfÞðnÞ :¼
limr!1�fðrnÞ, which exist for m-almost all n 2 T; where m is the normalized Lebesgue
measure on T. Then we have

H2 ¼ f 2 L2 : f̂ðnÞ ¼ 0; n < 0
n o

;

where f̂ðnÞ :¼
R

T
�nnfðnÞdmðnÞ is the Fourier coefficient of the function f. For

u 2 L1 ¼ L1ðTÞ, the Toeplitz operator Tu with symbol u is the operator on H2

defined by Tu f ¼ Pþðuf Þ; here Pþ : L2ðTÞ ! H2 is the orthogonal projection (Riesz

projector).
We shall use repeatedly the easy but useful fact that T�uk̂k ¼ u kð Þk̂k for u 2 H1; here

k̂k is the normalized reproducing kernel for the Hardy space H2ðDÞ (see Section 2).

2. ON THE MAXIMAL NUMERICAL RANGE AND MAXIMAL BEREZIN SET

Recall that for the operator T 2 BðHÞ, (Banach algebra of all bounded linear operators
on the Hilbert space H), Stampfli [14] defined the maximal numerical range as follows:

W0ðTÞ :¼ k 2 C : Txn; xnh i ! k where xnk k ¼ 1 and Txnk k ! Tk kf g:
When H is finite dimensional, it is easy to see that W0ðTÞ corresponds to the numerical
range produced by the maximal vectors (vectors x such that xk k ¼ 1 and Txk k ¼ Tk k).
It is well known [14, Lemma 2] that the set W0ðTÞ is nonempty, closed, convex, and
contained in the closure of the usual numerical range

WðTÞ :¼ Tx; xh i : xk kH ¼ 1
� �

:

It is well known (see [7]) that WðAÞ is a convex set whose closure contains the spectrum
rðAÞ of A. If A is a normal operator, then the closure of WðAÞ is the convex hull of
rðAÞ. Furthermore, it is also known that each extreme point of WðAÞ is an eigenvalue
of A.

Let B be a Banach algebra with the norm :k kB. A derivation on B is a linear map
D : B ! B which satisfies

DðabÞ ¼ aDðbÞ þ DðaÞb
for all a; b 2 B. If for a fixed a; Da : b! ab� ba, then Da is called an inner derivation.
It is well known that every derivation on a von Neumann algebra or on a simple
C�-algebra is inner (see [8,12,13]). It is obvious that Dak k � 2 ak kB. Stampfli proved
that (see [14, Theorem 4]) if DT is a derivation on BðHÞ, then DTk k ¼ 2distðT;CIÞ,
where CI denotes the set of all scalar operators kI k 2 Cð Þ on H. Stampfli also proved
in terms of the maximal numerical range of T that DTk k ¼ 2 Tk k if and only if
0 2W0ðTÞ (see [14, Theorem 4]). When T ¼ Tu, the Toeplitz operator defined on
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