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Abstract. The existence of solutions for a multi point boundary value problem of a

fractional order differential inclusion is investigated. Several results are obtained by

using suitable fixed point theorems when the right hand side has convex or non convex

values.
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1. INTRODUCTION

Differential equations with fractional order have recently proved to be strong tools in
the modeling of many physical phenomena; for a good bibliography on this topic we
refer to [18]. As a consequence there was an intensive development of the theory of dif-
ferential equations of fractional order [2,16,22] etc.. The study of fractional differential
inclusions was initiated by El-Sayed and Ibrahim [13]. Very recently several qualitative
results for fractional differential inclusions were obtained in [1,3,6–11,15,20] etc.

In this paper we study the following problem

DaxðtÞ 2 Fðt; xðtÞ; x0ðtÞÞ a:e: ½0; 1�; ð1:1Þ
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where Da is the standard Riemann–Liouville fractional derivative, a 2 ð2; 3�;
m P 1; 0 < n1 < � � � < nm < 1;

Pm
i¼1ain

a�1
i < 1; k > 0; ai > 0; i ¼ 1;m and F : ½0; 1�

�R� R! PðRÞ is a set-valued map.
The present paper is motivated by a recent paper of Nyamoradi [19], where it is con-

sidered problem (1.1) and (1.2) with F single valued and several existence results are
provided.

The aim of our paper is to extend the study in [19] to the set-valued framework and
to present some existence results for problem (1.1) and (1.2). Our results are essentially
based on a nonlinear alternative of Leray–Schauder type, on Bressan–Colombo selec-
tion theorem for lower semicontinuous set-valued maps with decomposable values and
on Covitz and Nadler set-valued contraction principle. The methods used are known
([1,8,9] etc.), however their exposition in the framework of problem (1.1) and (1.2) is
new.

The paper is organized as follows: in Section 2 we recall some preliminary facts that
we need in the sequel and in Section 3 we prove our main results.

2. PRELIMINARIES

In this section we sum up some basic facts that we are going to use later.
Let (X,d) be a metric space with the corresponding norm ŒÆŒ and let I � R be a com-

pact interval. Denoted by LðIÞ the r-algebra of all Lebesgue measurable subsets of I, by
PðXÞ the family of all nonempty subsets of X and by BðXÞ the family of all Borel sub-
sets of X. If A � I then vA: I fi {0,1} denotes the characteristic function of A. For any
subset A � X we denote by A the closure of A.

Recall that the Pompeiu–Hausdorff distance of the closed subsets A,B � X is defined
by

dHðA;BÞ ¼ maxfd�ðA;BÞ; d�ðB;AÞg; d�ðA;BÞ ¼ supfdða;BÞ; a 2 Ag;

where d(x,B) = infy2Bd(x,y).
As usual, we denote by C(I,X) the Banach space of all continuous functions x: I fi X

endowed with the norm ŒxŒC = supt2IŒx(t)Œ and by L1(I,X) the Banach space of all
(Bochner) integrable functions x: I fi X endowed with the norm jxj1 ¼

R
I
jxðtÞjdt.

A subset D � L1(I,X) is said to be decomposable if for any u,v 2 D and any subset
A 2 LðIÞ one has uvA + vvB 2 D, where B = InA.

Consider T : X! PðXÞ a set-valued map. A point x 2 X is called a fixed point for T
if x 2 T(x). T is said to be bounded on bounded sets if T(B):¼ [x2BT(x) is a bounded
subset of X for all bounded sets B in X. T is said to be compact if T(B) is relatively
compact for any bounded sets B in X. T is said to be totally compact if TðXÞ is a com-
pact subset of X. T is said to be upper semicontinuous if for any open set D � X, the set
{x 2 X: T(x) � D} is open in X. T is called completely continuous if it is upper semicon-
tinuous and totally bounded on X.

It is well known that a compact set-valued map T with nonempty compact values is
upper semicontinuous if and only if T has a closed graph.

We recall the following nonlinear alternative of Leray–Schauder type and its
consequences.
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