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We study the criterion for the velocity and magnetic vector 
fields that solve the three-dimensional magnetohydrodynamics 
system, given any initial data sufficiently smooth, to experien-
ce a finite-time blowup. Following the work of Chemin and 
Zhang [12] and making use of the structure of the system, we 
obtain a criterion that is imposed on the magnetic vector field 
and only one of the three components of the velocity vector 
field, both in scaling-invariant spaces.

© 2015 Elsevier Masson SAS. All rights reserved.

1. Introduction and statement of results

We study the following magnetohydrodynamics system in R3:

du

dt
+ (u · ∇)u− (b · ∇)b + ∇π = νΔu, (1a)

db

dt
+ (u · ∇)b− (b · ∇)u = ηΔb, (1b)

∇ · u = ∇ · b = 0, (u, b)(x, 0) = (u0, b0)(x), (1c)
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where u, b : R3 ×R
+ �→ R

3 represent the velocity and magnetic vector fields respectively 
while π : R3 × R

+ �→ R is the scalar pressure field, ν ≥ 0 is the viscosity and η ≥ 0 is 
the magnetic diffusivity. Without loss of generality, hereafter we assume ν = η = 1 and 
also write ∂t for d

dt and ∂i for d
dxi

, i = 1, 2, 3, x = (x1, x2, x3). Let us also set for any 

three-dimensional vector field f = (f1, f2, f3), fh � (f1, f2, 0),

Ω � ∇× u, j � ∇× b, ω � Ω · e3, d � j · e3 where e3 � (0, 0, 1).

When b ≡ 0, (1a)–(1c) recovers the Navier–Stokes equations (NSE), for which the ques-
tion of whether a smooth local solution can preserve its regularity for all time remains un-
known. The analogous problem for the MHD system (1a)–(1c) remains just as difficult, if 
not more. One of the sources of the difficulty of the global regularity issue of the MHD sys-
tem (1a)–(1c) may be traced back to the rescaling and its known bounded quantities. It 
can be shown that if (u, b)(x, t) solves the system (1a)–(1c), then so does (uλ, bλ)(x, t) �
λ(u, b)(λx, λ2t) while ‖uλ(x, t)‖2

L2 + ‖bλ(x, t)‖2
L2 = λ−1(‖u(x, λ2t)‖2

L2 + ‖b(x, λ2t)‖2
L2).

In two-dimensional case, both the NSE and the MHD system, if ν, η > 0, admit a 
unique global smooth solution starting from any data sufficiently smooth (cf. [22,24]). 
Due to the difficulty in the three-dimensional case, much effort has been devoted to 
provide regularity and blow-up criterion some of which we review now.

In [25], the author initiated important research direction of regularity criterion which 
led to, along with others such as [13], that if a weak solution u of the three-dimensional 
NSE with ν > 0 satisfies

u ∈ Lr(0, T ;Lp(R3)), 3
p

+ 2
r
≤ 1, p ∈ [3,∞],

then u is smooth. Among many other results, in [3] it was shown that if u solves the 
NSE with ν > 0 and

∇u ∈ Lr(0, T ;Lp(R3)), 3
p

+ 2
r
≤ 2, 1 < r ≤ 3,

then u is a regular solution (cf. also [2,15]). We emphasize that the norm ‖·‖Lr
TLp

x
and 

‖·‖Lr
T Ẇ 1,p

x
are both invariant under the scalings of the solutions to the NSE and the MHD 

system precisely when 3
p + 2

r = 1, 3
p + 2

r = 2 respectively. For the MHD system, e.g. 
the author in [26] showed that if ∇u, ∇b ∈ L4(0, T ; L2(R3)), then no singularity occurs 
in [0, T ]. Moreover, the work in [6] in particular showed that if [0, T ∗) is the maximal 
interval of existence of smooth solution and T ∗ < ∞, then

T∗∫
0

‖Ω‖L∞ + ‖j‖L∞dτ = ∞.

We note that the authors in [16,36] independently realized that in particular the criterion 
for the solution to the MHD system may be reduced to just u, dropping condition on 
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