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1. Introduction and statement of results

We study the following magnetohydrodynamics system in R3:

(jl_? + (u-Vu—(b-V)b+ Vr =vAu, (la)
% + (- V)b — (b- V)u = nAb, (1b)
V-u=V-b=0, (u,b)(,0) = (ug,bo)(x), (1c)
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where 1, b : R? x RT — R? represent the velocity and magnetic vector fields respectively
while 7 : R? x Rt = R is the scalar pressure field, v > 0 is the viscosity and n > 0 is
the magnetic diffusivity. Without loss of generality, hereafter we assume v =n =1 and
also write 0, for % and 0; for d%i, i=1,2,3, v = (x1, 2, 23). Let us also set for any

three-dimensional vector field f = (f1, f2, f3), f* £ (f', £2,0),
N2V xu, jEV xb, wEQ- e d2j-e* wheree® £ (0,0,1).

When b =0, (1a)-(1c) recovers the Navier—Stokes equations (NSE), for which the ques-
tion of whether a smooth local solution can preserve its regularity for all time remains un-
known. The analogous problem for the MHD system (la)—(1c) remains just as difficult, if
not more. One of the sources of the difficulty of the global regularity issue of the MHD sys-
tem (la)—(1c) may be traced back to the rescaling and its known bounded quantities. It
can be shown that if (u, b)(z,t) solves the system (1a)(1c), then so does (uy,by)(x,t) =
)\(U,b)()\%,)\%) while ”u)\(xvt)H%? + Hb)\(x?t)”QL? = _1(Hu(xv )‘2t)”%2 + ||b($7)\2t)|‘%2).

In two-dimensional case, both the NSE and the MHD system, if v,n > 0, admit a
unique global smooth solution starting from any data sufficiently smooth (cf. [22,24]).
Due to the difficulty in the three-dimensional case, much effort has been devoted to
provide regularity and blow-up criterion some of which we review now.

In [25], the author initiated important research direction of regularity criterion which
led to, along with others such as [13], that if a weak solution u of the three-dimensional
NSE with v > 0 satisfies

3 2
we "0, T3 LP(RY)),  — 42 <1, p €30,

then u is smooth. Among many other results, in [3] it was shown that if u solves the
NSE with v > 0 and

Vu e L"(0,T; L (R?)), z + % <2, 1<r<3,
then u is a regular solution (cf. also [2,15]). We emphasize that the norm ||-||; 1» and
II ||L’71:W;,p are both invariant under the scalings of the solutions to the NSE and the MHD
system precisely when % + % =1, % + % = 2 respectively. For the MHD system, e.g.
the author in [26] showed that if Vu, Vb € L*(0,T; L?(R?)), then no singularity occurs
in [0, 7). Moreover, the work in [6] in particular showed that if [0,7*) is the maximal
interval of existence of smooth solution and T < oo, then

.
/ 190 + [l dr = 0.
0

We note that the authors in [16,36] independently realized that in particular the criterion
for the solution to the MHD system may be reduced to just u, dropping condition on
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