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1. Introduction

Let fA(&) = [gn €72™@¢ f(x)dz be a Fourier transform of f. Given a multiplier m €
L*>(R™), we define the operators My, t > 0, by (M, f)"(§) = f(&)m(t€) and the maximal
multiplier operator
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M f(z) = Sup [(Mf) ()]

which is well defined a priori for a Schwartz functions S(R™).
It is well known, if multiplier m satisfies the well known Mikhlin—-Hérmander condition

[0%m(&)] < Cal€]”

for all (or sufficiently large) multiindices a, if F~! f(£) = [5, €™ f(z)dx is a reverse
Fourier transform, then the multiplier operator f — F~![mf] is bounded in LP(R")
when 1 < p < oo (see [12,15,7,11]). Note that maximal operator M,, formed by multi-
plier m with the Mikhlin—-Hoérmander condition in general not bounded on LP(R™). The
corresponding example can be found in [4].

We will consider the case when multiplier m is the Fourier transform of a compactly
supported Borel measure. In this case the operator M;, t > 0, we can represent as a
convolution operator

- / f(x — ty)do(y),
S

where o is a compactly supported Borel measure on the set S C R™ and 5(§) = m(§).
Obviously we have

M f(z) = Mg f(x) :=sup /fx—tyda (v)] -

t>0

We say that o is locally uniformly S-dimensional (3 > 0) if o(B(x, R)) < CszR?, where
B(z, R) is a ball of radius R < 1 centered at x. It is easy to see that a locally uniformly
[-dimensional measure must be absolutely continuous with respect to [-dimensional
Hausdorff measure pg, but such a measure need not exhibit any actual “fractal” be-
havior. Thus, for example, Lebesgue measure is locally uniformly g-dimensional for any
B < n. We can allow 8 = 0 in these definitions, in which case a measure ¢ is uniformly
0-dimensional if and only if it is finite, and locally uniformly bounded, i.e. o(B(z, 1)) is
uniformly bounded in x.

Rubio de Francia [16] proved the following

Theorem 1.1. If m(§) is the Fourier transform of a compactly supported Borel measure

and satisfies |m(&)] < (14 [£])~* for some a > 1/2 and all § € R™, then the mazimal

operator M, maps LP(R™) to itself when p > 241

The case when o is normalized surface measure on the (n—1)-dimensional unit sphere
was investigated by Stein [17]. According to Stein’s theorem for corresponding maximal
operator (spherical maximal operator)
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