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We prove that the pseudo-boundary B(Q) of the Hilbert cube
Q can be embedded into the pseudo-interior s of Q by a
homeomorphism of Q that preserves the product Lebesgue
measure.
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1. Introduction

G. Cantor showed that for two countable and dense subsets A, B of the real line R

there exists a homeomorphism h of the real line transforming A onto B. This property
of R and any other topological space is called countable dense homogeneity. Countable
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dense homogeneity of all Euclidean spaces Rn, n ∈ N, was showed by L.E.J. Brouwer [4].
Later Brouwer’s result was generalized to manifolds by R.B. Bennett [2]. M. Fort [7]
proved that also the Hilbert cube Q is countable dense homogeneous. P. Franklin [8]
showed that a homeomorphism in Cantor’s result can be an analytic function. (A bit
weaker result with a diffeomorphism in the conclusion was independently obtained by
Z. Zalcwasser [15].) M. Morayne [11] showed that a homeomorphism in Brouwer’s result
for Rn, n > 1, can be an analytic diffeomorphism preserving the n-dimensional Lebesgue
measure and for the n’s even it can be an analytic diffeomorphism of the canonical
complex space C

n
2 . This last result was later independently proved by J.-P. Rosay and

W. Rudin [14]. M. Pietroń [13] showed that also a homeomorphism in Fort’s result can
preserve the product Lebesgue measure on Q.

Basic tools for investigating the topology of infinite dimensional spaces, including the
Hilbert cube Q, are so called Z-sets and their countable unions Zσ-sets. (For a metric
space (X, d) we say that A ⊆ X is a Z-set if for an arbitrary ε > 0 and an arbitrary
continuous mapping f : Q → X there exists another continuous mapping g : Q → X \A
such that sup{d(f(a), g(a)): a ∈ Q} < ε.) Two subsets A, B of a topological space X are
topologically equivalent (ambiently homeomorphic) in X if there exists a homeomorphism
f : X → X of X onto X such that f [A] = B. Topological equivalence of particular
Zσ-sets in the Hilbert cube is often an important question. Always an important example
of a Zσ-set is a countable dense subset of X. Investigating the topological equivalence
of all such sets in a space X, i.e. the countable dense homogeneity of X, was shortly
described for various X’s in the previous paragraphs (see also [5,9]). For the Hilbert cube
another very important Zσ-set is its pseudo-boundary B(Q). It is known that any Zσ-set
can be embedded into the pseudo-interior s of the Hilbert cube by a homeomorphism
of the whole Hilbert cube that is arbitrarily close to the identity. It is especially useful
for the pseudo-boundary of the Hilbert cube (which is a Zσ-set). We will prove that
such a homeomorphism transforming B(Q) into s can additionally preserve the product
Lebesgue measure. How far this result can be generalized replacing the pseudo-boundary
by other Zσ-sets we do not know.

2. Definitions, notation, auxiliary results

The main space considered in this article is the Hilbert cube Q = [0, 1]N with the
natural product topology.

Let (X, d) be any metric space where the metric d is bounded.
For A,B ⊆ X let

d̂(A,B) = inf
{
d(a, b): a ∈ A, b ∈ B

}
.

With some abuse of notation for A ⊆ X and x ∈ X we shall write:

d̂(x,A) = d̂
(
{x}, A

)
.
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