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Let G be a connected and simply connected solvable Lie
group. The moment map for π in Ĝ, unitary dual of G, sends
smooth vectors in the representation space of π to g∗, dual
space of g. The closure of the image of the moment map
for π is called its moment set, denoted by Iπ. Generally, the
moment set Iπ, π ∈ Ĝ does not characterize π, even for generic
representations. However, we say that Ĝ is moment separable
when the moment sets differ for any pair of distinct irreducible
unitary representations. In the case of an exponential solvable
Lie group G, D. Arnal and M. Selmi exhibited an accurate
construction of an overgroup G+, containing G as a subgroup
and an injective map Φ from Ĝ into Ĝ+ in such a manner that
Φ(Ĝ) is moment separable and IΦ(π) characterizes π, π ∈ Ĝ. In
this work, we provide the existence of a quadratic overgroup
for the diamond Lie group, which is the semi-direct product
of Rn with (2n + 1)-dimensional Heisenberg group for some
n � 1.
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1. Introduction

Let G be a real Lie group with Lie algebra g and π be a unitary representation of G
in some Hilbert space Hπ. The moment map for π is defined as

Ψπ : H∞
π \ {0} → g∗, Ψπ(ξ)(X) = 1

i

〈dπ(X)ξ, ξ〉
〈ξ, ξ〉 , X ∈ g, ξ ∈ H∞

π \ {0}, (1.1)

where dπ denotes the derived representation of g in the space H∞
π of smooth vectors.

When π is finite dimensional, this notation which is due to N. Wildberger, reduces to
that of the usual moment map of Hamiltonian action of G via π on the projective space
P (Hπ) [9]. The moment set for π is defined as

Iπ =
{
Ψπ(ξ), ξ ∈ H∞

π \ {0}
}
,

the closure of the image of Ψ in g∗. We denote Ĝ the set of irreducible unitary represen-
tations of G up to unitary equivalence and consider the moment sets Iπ for π ∈ Ĝ. One
says that Ĝ is moment separable if Iπ �= Iρ for all π and ρ ∈ Ĝ with π �� ρ. A fundamen-
tal result of Wildberger related the moment set Iπ for π ∈ Ĝ when G is connected and
simply connected nilpotent Lie group to the coadjoint orbit Oπ ⊂ g∗ associated to π via
Kirillov method [9]. Namely,

Iπ = Conv(Oπ), (1.2)

the closure of the convex hull of Oπ in g∗. This result has been generalized to encompass
connected and solvable Lie group by D. Arnal and J. Ludwig [3]. In view of Eq. (1.2),
Ĝ is moment separable if and only if

Conv(Oπ) = Conv(Oρ) ⇒ Oπ = Oρ,

for all coadjoint orbits Oπ,Oρ ⊂ g∗.
A counterexample given by Wildberger shows that Ĝ need not be moment separable

even for nilpotent connected simply connected Lie group. For thus, A. Baklouti, J. Lud-
wig and M. Selmi in [7] extended the moment map to the dual of the complex universal
enveloping algebra U(gC) of the complexification gC of g and in [4], it is shown that
the generalized moment set characterizes the unitary irreducible representation of any
connected and simply connected exponential Lie group.

Concerning the general nonexponential setting, the problem of separation of irre-
ducible unitary representations of a connected and simply connected Lie group G is
advocated by L. Abdelmoula and all in [2] where they have shown that the generalized
moment sets always separate the elements of the unitary dual Ĝ.

However, unlike the usual moment map Ψπ, π ∈ Ĝ, this generalized moment map has
no natural geometrical interpretation. It is thus natural to seek a new way to separate
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