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In this paper, we recall combinatorial basis for shape and 
reduced shape algebras of the Lie algebras gl(n), sp(2n) and 
so(2n +1). They are given by semistandard and quasistandard 
tableaux. Then we generalize these constructions to the case 
of the Lie superalgebra spo(2n, 2m + 1). The main tool 
is an extension of Schützenberger’s jeu de taquin to these 
algebras.

© 2014 Elsevier Masson SAS. All rights reserved.

* Corresponding author.
E-mail addresses: B.Agreba@fss.rnu.tn (B. Agrebaoui), Didier.Arnal@u-bourgogne.fr (D. Arnal), 

benhassine.abdelkader@yahoo.fr (A. Ben Hassine).
1 A. Ben Hassine thanks the Agence Universitaire de la Francophonie for funding this work with the 

‘Bourse doctorale’ 79110FR206A and the Institut de Mathématiques de Bourgogne for his hospitality during 
his stay in Dijon.

http://dx.doi.org/10.1016/j.bulsci.2014.08.004
0007-4497/© 2014 Elsevier Masson SAS. All rights reserved.

http://dx.doi.org/10.1016/j.bulsci.2014.08.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/bulsci
mailto:B.Agreba@fss.rnu.tn
mailto:Didier.Arnal@u-bourgogne.fr
mailto:benhassine.abdelkader@yahoo.fr
http://dx.doi.org/10.1016/j.bulsci.2014.08.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.bulsci.2014.08.004&domain=pdf


76 B. Agrebaoui et al. / Bull. Sci. math. 139 (2015) 75–113

1. Introduction

The notion of tableaux was introduced by A. Young in 1900. They were used by 
G. Frobenius to study the representation of the symmetric groups in 1903. They became 
a fundamental object to study the representation of general linear groups. For n ∈ Z

+, 
and a partition λ of n, semistandard tableaux with shape λ give an explicit basis of 
the simple gl(n)-modules. The notion of semistandard tableaux was thus generalized to 
the case of the classical simple Lie algebras sl(n) (see [12,4]), sp(2n) (see [11,15,19]), 
so(2n) and so(2n + 1) (see [15]). As for gl(n), for a fixed shape λ, a basis of each simple 
module associated to λ is indexed by semistandard Young tableaux with corresponding 
type.

The sum of all simple modules of a semisimple Lie algebra has a structure of commu-
tative associative algebra, called the shape algebra. This algebra has many realizations:
geometric, algebraic and combinatorics. The Weyl construction realizes each simple mod-
ule as a submodule of the tensor algebra of the natural module using the Schur functors 
(for details see [12]).

This notion was extended in the case of the Lie superalgebras sl(n, m) and 
spo(2n, 2m + 1) (see for instance [6,10]). For sl(n, m), they give a basis for the sum 
of all simple tensor modules.

Let g be a semisimple Lie algebra. Denote by n the nilpotent factor in the splitting 
of g. Each simple module is generated by its (normalized) highest weight vector vλ. The 
reduced shape algebra of g is the quotient of the shape algebra by the ideal generated by 
the vλ − 1. This algebra is an indecomposable n-module, which is the union of natural 
monogenic n-modules. For n, the reduced shape algebra appears as the main tool to 
describe the nilpotent n-modules.

Suppose first g = sl(n). Each highest weight vector corresponds to a trivial tableau 
(ti,j = i for any i, j). A good basis for the reduced shape algebra (the diamond cone) 
is the collection of all quasistandard Young tableaux (see [4]). Essentially a quasistan-
dard tableau is a semistandard one from which it is impossible to ‘extract’ any trivial 
subtableau by using Schützenberger’s jeu de taquin.

The good generalization of this jeu de taquin, to the cases g = sp(2n) and g =
so(2n + 1) was given by Lecouvey [15,16]. Using this generalization, it is possible to 
build the diamond cone for these Lie algebras. Symplectic and orthogonal quasistan-
dard tableaux can be thus defined. They give diamond cones for these Lie algebras. 
Similarly a super jeu de taquin was introduced in [2] and used to define quasistandard 
sl(m, n)-tableaux. The symplectic jeu de taquin was also considered to study the reduced 
shape algebra for the Lie superalgebra spo(2n, 1) [3].

The goal of the present paper is multiple: first present the reduced shape algebra for a 
general semisimple Lie algebra g, and its relation with nilpotent n-module, then describe 
semistandard and quasistandard tableaux for gl(n), sp(2n), and so(2n +1). Finally, study 
the case of the Lie superalgebra spo(2n, 2m + 1) (defined in [13]).
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