Available online at www.sciencedirect.com

e ScienceDirect SCIENCES
MATHEMATIQUES
ELSEVIER Bull. Sci. math. 138 (2014) 540-564

www.elsevier.com/locate/bulsci

Dynamics of non-autonomous parabolic problems
with subcritical and critical nonlinearities *

Xiaojun Li*, Li Ren

School of Science, Hohai University, Nanjing, Jiangsu 210098, China
Received 27 August 2013
Available online 9 September 2013

Abstract

This is a subsequent work of our previous one in [25]. Let the nonlinear terms of non-autonomous
parabolic problems with singular initial data satisfy subcritical and critical growth conditions. We first
establish the existence of uniform attractors in W1-"(22), 1 < r < N, for the family of processes corre-
sponding to the equations with external forces being translation bounded but not translation compact. Then,
we prove the existence of pullback attractors in L7 (£2) and W17 (£2), respectively, for the process cor-
responding to the equation with the weaker assumption on the external force than previous one. Finally,
we investigate the robust of attractors and establish the existence of pullback exponential attractors for the
process acting in L"(£2) and W17 (£2), respectively.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this paper, we continue to study the long-time behavior of the following non-autonomous
nonlinear parabolic equation
ur—Au—+ f(x,u)=g(x,t) in$2, t>r,
u=20 on 42, (1.1)

u(t) =uy, T €R,
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where £2 ¢ RY is a bounded smooth domain, g(x,t) e LZC(R; X), p > 1, X is a Banach space.

In order to get the well-posedness of (1.1), we impose some assumptions on nonlinearity:
Assumption I. Suppose that f(x,u) € C(RY x R, R) satisfies
f(x,0)=0, (1.2)
| f G u) — £, 0)] < Cla@)|lu — v|(Jul”™" + o]~ + 1) (1.3)
with p > 1 and a(x) € LP(2), 8 > 1.
Under Assumption I and g(x, #) belonging to L,’:(R; L"(£2)), from the well-posedness of (1.1)
with singular initial data in L" (§2) or W”(.Q) established in [25] we know that in critical case,
the time of existence of solutions is only uniform on the compact set of initial data spaces. In

order to get the uniform existence time of solutions on any bounded set of initial data spaces for
(1.1) with critical nonlinearity, we impose the following assumptions on f (x, u):

Assumption II. Suppose that f(x, u) satisfies

[, u) =a(x) fi(u) (1.4)
with a(x) € LF(£2), B> 1 and fi(s) € C}(R) such that
f1(0) =0, (1.5)
fi(s) _

0, p>1. (1.6)

|s|]—+o0 |S|fo_1

In Section 2, under Assumption I or II and g(x, ¢) belonging to LfaC(]R; L7 (£2)), we will es-
tablish the well-posedness of (1.1) with singular initial data in L" (£2) and wlr(£2), respectively.
For other related study on evolution equations with singular initial data, see, e.g., [2,8,10,12,24,
27,31].

When the nonlinearities of (1.1) satisfy Assumption I and subcritical growth conditions, and
the external forces are translation bounded in L}, (R; L"(£2)) but not translation compact, the
existence of uniform attractors for the family of processes acting in L" (§2) or W12(£2) have been
obtained in [25]. The first purpose of this paper is to establish the existence of uniform attractors
in WLr(2), 1 <r < N for the family of processes corresponding to (1.1) with subcritical and
critical nonlinearities. When the initial data belongs to L" (£2), similar results can be obtained for
(1.1) with critical nonlinearities. This will be done in Section 3.

Uniform attractors for the non-autonomous systems are the minimal compact sets which uni-
formly (w.r.t. time symbol) attract every bounded set of the initial data spaces. Unlike the global
attractors for autonomous systems, uniform attractors have not the invariant property, see details
in [14]. In order to better understand the dynamics behavior of the non-autonomous evolution
equations, pullback attractors are introduced for non-autonomous systems. Pullback attractor is
a family of compact and invariant sets, and pullback attract every bounded subset of the phase
spaces, see, e.g., [13,15,29]. It is noticed that comparing with the existence of uniform attrac-
tors for the concrete non-autonomous evolution equations, the existence of pullback attractors
for them can be obtained in the weaker assumptions on the external forces. Recently, authors in
[9,20,29] extend the concept of pullback attractors and present the pullback D-attractors in con-
sideration of universes of the initial data changing in time which is characterized by a tempered
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