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Abstract

By using a coupling method, an explicit log-Harnack inequality with local geometry quantities is estab-
lished for (sub-Markovian) diffusion semigroups on a Riemannian manifold (possibly with boundary). This
inequality as well as the consequent Lz-gradient inequality, are proved to be equivalent to the pointwise
curvature lower bound condition together with the convexity or absence of the boundary. Some applications
of the log-Harnack inequality are also introduced.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let M be a d-dimensional connected complete Riemannian manifold possibly with a bound-
ary 9M. Consider L = A + Z for a C'-vector field Z. Let X,(x) be the (reflecting) diffusion
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process generated by L with starting point x and life time ¢ (x). Then the associated diffusion
semigroup P; is given by

P f(x):=E[f(X,))lp<coon]. 120, f€Bp(M).

Although the semigroup depends on Z and the geometry on the whole manifold, we aim to
establish Harnack, resp. gradient type inequalities for P; by using local geometry quantities.
Let K € C(M) be such that

Ricz :=Ric—VZ > —K, (1.1)

i.e. forany x € M and X € Ty M, Ric(X, X) — (X, VxZ) > —K (x)|X|?. Next, forany D C M,
let

K (D) :=supK, D,={zeM: p(z,D)<r}, r=0,
D

where p is the Riemannian distance on M. Finally, to investigate P; using local curvature bounds,
we introduce, for a given bounded open domain D C M, the following class of reference func-
tions:

%p={¢ € C*(D): ¢|p > 0. laprarr =0, Nplaynap >0},

where N is the inward unit normal vector field of 9 M. When 0 M = @, the restriction N¢|yp >0
is automatically dropped. For any ¢ € ¥p, we have

cp(@) = sup{S|Vo|* — 9 Lo} € [0. 00).

The finiteness of ¢p(¢) is trivial since D is compact. To see that cp(¢) > 0, we consider the
following two situations:

(a) There exists x € 9D \ 9M. We have ¢ (x) = 0 so that cp(¢) > {5|Vp|> — ¢Lp}(x) > 0.

(b) When 0D \ oM = (, we have D = M. Otherwise, there exists z € M \ (DU dM). For any
7€ D\dM,lety :[0,1] — M\ dM be a smooth curve linking z and z’. Since z' € D but
z ¢ D, there exists s € [0, 1] such that y(s) € dD. This is however impossible since 9D C
dM and y (s) ¢ dM. Therefore, in this case M = D is compact so that the reflecting diffusion
process is non-explosive. Now, let x € D such that ¢ (x) = max p@. Since No|yy = 0 due
top € 6p, p(Xy) —dp(x) — fol L¢(X;)ds is a sub-martingale so that

t

¢(x) = Eo(X) >¢(X)+/EL¢(Xs)ds, 120.
0

This implies L¢ (x) < 0 (known as the maximum principle) and thus,
cp(@) = {51V — Lo} (x) > 0.
Theorem 1.1. Let K € C(M). The following statements are equivalent:

(1) (1.1) holds and d M is either empty or convex.
(2) For any bounded open domain D C M and any ¢ € €p, the log-Harnack inequality
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