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Abstract
In this paper we consider a class of Dirichlet problems for nonlinear elliptic equations of the type

{ —div(a(x, Vu)) — div(® (x,u)) + H(x, Vu) = f in £2,
u=0 on 052,
where §2 is a bounded open subset of RN N>2, fisan L (£2) function. We fix some structural conditions

on a, @ and H to prove uniqueness results for solutions obtained as limit of approximations.
© 2012 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In the present paper we deal with uniqueness for a class of nonlinear elliptic problems of the
type
{ —div(a(x, Vu)) — div(®(x,u)) + H(x, Vu) = f in £2,

1.1
u=0 on 452, 1)

where £2 is a bounded open subset of RN N>2and?2— % <p<N.

We assume that a: (x,z) € 2 x RY — a(x, z) = (¢;(x,2)) e RN isa Carathéodory function
satisfying
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a(x,£)-E = AEP, EeRY, 1>0, (1.2)
la(x,&)| < AP+ K, &eRY, A, K >0, (1.3)
(a(x.&) —a(x,n)-E—n) >0, E#n, (1.4)

for almost every x € RV and for every & 17 € RY. Moreover H : (x,£) € 2 x RN —
H(x, &) € Ris a Carathéodory function, differentiable with respect to &, satisfying the following
conditions

-2
[VeH (x, &) <b()(1+1€)" ", (1.5)
where b(x) is a nonnegative function belonging to LB (§2) with
2(p—1)N
B> (p—1 ifp>2, (1.6)
2(N—-2)— p(N —3)
or
2(p— 1N 1
po_2p=DN o 1 (1.7)
p(N+1)—2N N

®:(x,5) € 2 xRN = &(x,s5) = (®;(x,s)) € RV is a Carathéodory function, differentiable
with respect to s, satisfying the following conditions

(B, (x, 9)| < e (1+1s1)7 7, (1.8)
where c(x) is a nonnegative function belonging to L" (£2) with
N(p-—1
r> p-1 ifp>2, (1.9)
NC2-p)+pp—-1 -1
or
N(p-1 1
po NP=D e 1) (1.10)
I1+N(p—-2) N
Furthermore
felL' ().
We recall that when the datum f € W_I’P/(.Q) and the coefficients b(x) and c(x) belong
respectively to the Lebesgue spaces L#(£2) and L (£2) with 8 > N and r > %, the previous

set of hypotheses ensure the existence of a weak solution, i.e. a function u € WO1 "P(£2) such that

f(a(x,Vu)~V¢)dx+f(¢(x,u)-Vgo)dx+/H(x,Vu)cpdx=/f<pdx, (1.11D)
2 Q Q

2

for every ¢ € W(:’p (£2) (see [32] for example). This notion of a solution does not fit if
felLl().

When f € L'(£2) and p = 2, the existence and uniqueness to (1.1) has been proved in [41]
by duality arguments under the hypotheses ||c||L o or |||z~ is small enough. In particular it

has been proved that this solution belongs to W(;’q(.Q) for every g < % Unfortunately such
notion of solution cannot be extended to the nonlinear case except to the case p = 2.

The first attempt to nonlinear case is given in [13,14], where the existence of a distributional
solution u to problems of the type (1.1) with @ = 0 and H = 0 has been proved. Such a solution is
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