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Abstract

The goal of this note is to provide a new embedding theorem and to derive from this embedding the
CLR-type inequality for a potential belonging to a proper subspace of integrable functions.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction

We recall that the Sobolev space H!(R") := {D% € L?(R") s.t. || < 1} is not continuously
embedded into L*°(R"), space of bounded functions, when n > 2 [6, Remark 13, p. 284]. To
circumvent this impasse, and thanks to the Aharonov—Bohm potential, the authors A.A. Balinsky,
W.D. Evans and R.T. Lewis [4] provided a new embedding theorem, for the case n = 2, and their
proof is based on the results [1,2]. Precisely, they considered the magnetic operator (—i V + a)?,
where a is the Aharonov—Bohm potential, and showed

lullx < [dist(@, 2)]~"?|| (—iv +a)u] 2y, forallu € Hy (R2\ {0)),

with:
5 = % 02” p(wdw ¢ Z, 5 stands for the magnetic flux, and ¢ € L°(S!).

E-mail address: melaidi@unal.edu.co.

0007-4497/$ — see front matter © 2013 Elsevier Masson SAS. All rights reserved.
http://dx.doi.org/10.1016/j.bulsci.2013.05.003


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.bulsci.2013.05.003
http://www.elsevier.com/locate/bulsci
mailto:melaidi@unal.edu.co
http://dx.doi.org/10.1016/j.bulsci.2013.05.003

336 M. El Aidi / Bull. Sci. math. 138 (2014) 335-342

dist($, Z) := mingez{|k — @I}.
X = L%((0, 00), rdr) ® L*(S!), equipped with the norm

27 1/2
lull x = ess sup /|u(r,9)|2de :
r>0 0

H}(R*\ {0}) is the completion of C5°(R? \ {0}) w.r.t. the following norm

172
IIMIIH;(Rz\{o}F( / |(=iV +a)u()]* dx + / |u(x)|2dx) .

R2\{0} R2\{0}

The expression of a, in polar coordinates, is given by a(r, 8) = @(sen@, —cosfh).

The scheme of this article, is the following: in Section 2 we state a new embedding theorem

for the case n > 3 between the Sobolev space HO1 (R™\ B(0, 1)) where B(0, 1) is the closure of
the unit ball, and the space 2", see below for their explicit expressions. Since that there is no CLR
inequality—[7,9,18]—in terms of the LI(R")-norm of a potential, hence in Section 3 we derive
from our embedding theorem, and by applying the methods from [4], a CLR-type inequality
for a Schridinger operator with a potential belonging to a proper subspace of L (R” \ B(0, 1)).
Section 4 is reserved for the study the previous results in a hyperbolic space. We will use several
times the closability of a quadratic form [19, § VIIL.6] and generalize the techniques issued in [4].

2. An embedding theorem

Let 2 be the tensor product space L*°((1, 00); r”;l dr® II:E(S”_1 , dogn-1) such that dog-1
is the surface element on the unit sphere S"~!, with L2(R" \ B(0, 1)) := L2((1,00); r" Vdr)®
ZE(S"_l, dogn—1) and the space ZE(S”_I, dogn—1) is spanned by the orthonormal complete
basis of eigenfunctions (¥;2)r>1 of —A|SH. We recall that the eigenfunctions (Y¢)ken coOr-
responding to the operator —Al constitute an orthonormal basis of the Hilbert space
L2(S"!, dogi-1), i.e., the family (Y)ren satisfies [q,—1 k(). (w) do (w) = 8y—the Kro-
necker delta function. Furthermore, and for each k € N, 1y = k(k+n —2) is the eigenvalue—with
non-trivial multiplicity—associated to ¥,. We observe that by definition, .2~ is a subspace of
L%((1,00); " Vdr)y @ L>(S" !, dogu-1), thus 2 is endowed with the induced norm and de-
fined by

172
||u||%=esssup<[/|u(r,a))|2dc7§n_1(a)):| )
r>1
sn—1

The quadratic form q(u) = fR"\m |Vu(x)|?>dx is well defined for u € CP@®R™\ B(O, 1))—

space of smooth functions with compact support in R" \ B(0, 1). Plus, q is closable, i.e.,
Co°(R"\ B(0, 1)) is complete w.r.t. the norm

1/2
2 2
||u||H01(R,,\m)=< / |Vu(x)|"dx + / |u(x)] dx) .

R\ B(0,1) R"\B(0,1)

HO1 (R™\ B(0, 1)) is the completion of C3°(R" \ B(0, 1)). Therefore, q is associated to a unique
self-adjoint operator, namely the operator —A. Now, we are able to state our embedding theorem.
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