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RESUME

Nous appuyant sur une majoration de la valeur absolue d'un polynéme en les coefficients
de fonctions de partie réelle positive, nous obtenons une majoration précise de la valeur
absolue du cinquiéme coefficient d'une fonction analytique f normalisée, satisfaisant
zf'(z)/ f (z) < ¢(z), pour deux choix différents de ¢. Notre preuve utilise une caractérisation
des fonctions de partie réelle positive en termes de certaines formes hermitiennes semi-
définies positives. Des inégalités bien connues pour ces fonctions de partie réelle positive
résultent aussi sans difficulté de cette caractérisation.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and preliminaries

Let S be the class of all normalized univalent functions f(z) =z+ Y o, anz" in the open unit disk D:={ze C: 2] < 1}.
Let ¢ be an analytic univalent function with positive real part mapping D onto domains symmetric with respect to the real
axis and starlike with respect to ¢(0) =1 and ¢’(0) > 0. For such ¢, Ma and Minda [6] introduced the classes:

zf"(2)
(@

zf'(2)
f@

S*((p):{feS: <<p(z)} and K((p):{feS:l—i— <<p(z)}.

E-mail addresses: vravi68@gmail.com (V. Ravichandran), jmdsv.maths@gmail.com (S. Verma).

http://dx.doi.org/10.1016/j.crma.2015.03.003
1631-073X/© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.crma.2015.03.003
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:vravi68@gmail.com
mailto:jmdsv.maths@gmail.com
http://dx.doi.org/10.1016/j.crma.2015.03.003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2015.03.003&domain=pdf

506 V. Ravichandran, S. Verma / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 505-510

The sharp bounds for the first two coefficients of functions in these subclasses have been determined by using the Feketo-
Szego coefficient functional |a3 — pLa§| for KC(¢) in [6] and the bound for a4 in [2, Theorem 1, p. 38]. In this paper, our aim
is to determine the sharp bound for the fifth coefficient a5 of functions belonging to the subclasses

1-z
Sf=8*W1+2 and Sp:=S (‘f “2-1 1+2(ﬁ—1)2>

Sokét [9] conjectured that |ay| < 1/(2(n — 1)) for f € Sf. Mendiratta et al. [8] conjectured that |a;| < (5 — 3v2)/2(n - 1))
for f e S;. They have respectively verified them for n = 2,3, 4. In this paper, we verify these two conjectures for n = 5.
The proof uses an estimate for a nonlinear coefficient functional for functions with positive real part, which we prove by
making use of a characterization of functions with positive real part in terms of certain positive semi-definite Hermitian
form. As a consequence of this characterization, certain well-known coefficient inequalities for functions with positive real
part are shown to follow easily.

The class P of functions with positive real part consists of all analytic functions p(z) = 14c1z+c2z%+--- with Re p(2) >
0 for z € D. For this class, the following lemma related to the Hermitian form is well known (see Ali [1]).

Lemma 1.1. (See [3].) A function p(z) =1+ Y p24 cxz¥ € P if and only if

o0 o0
> D Ckarzit
j k=0

Jj=0
for every sequence {z;} of complex numbers that satisfy lim supy_, o, |zx|!/ k1.

00 2

2zj + Z CkZk+j
k=1

2

2. Coefficient inequalities for functions with positive real part

By using Lemma 1.1, we first prove the following result.

Lemma 2.1. Let o, B8, y and a satisfy the inequalities0 <o < 1,0 <a < 1 and

8a(1 —a)((@p —2y)* + (@(@+a) — B)*) + (1 —)(B — 2ae)* < 4o’ (1 — a)®a(1 —a). 21)
Ifp@=1+332, ckzk € P, then

|yc‘11 + ac% + 20cic3 — (3/2)ﬂc%cz —c4] < 2.

Proof. Let the sequence {z;} of complex numbers be given by zg = ac3 — Bcic2 + yc?, z1 =acy; — (SC%, zp = bcq, z3 = -1,
z, =0 for all k > 4. For this choice of {z;}, Lemma 1.1 gives

|yc‘11 + ac% + (@ +b)cics — (B + (S)C%cz - C4|2
<|Qa -3+ (@+b—2B)cica + 2y —8)c > +12a—1)cz + (b — 28)c3?
—l(@+b)cicr — 8¢ — 312 + @b — 1)?|c1|? — |bc? — 2 +4 — |1 |2

a@+b)+ (1 —-2a) a(y =89 +yla—-1)\ 3
C3+( 20(a — 1) )ClC”( 20(a — 1) ) 1

2

=4a(x—1)
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2 2 §— b2
+7(05((14—[7)—,3)2|C1|2|Cz|2+4a(a—])’cz_KC%‘ +ﬂ|61l4+4b(b—1)|c1|2+4
a(l—oa) 2 a1 —a)
2 26, 8 a2, B—ab? ~ 5
fa(l_a)(aa v el +a(1—a)(°‘(a+b) B lcal +4a(1_a) lc1]* +4b(b — D|c1 | + 4,

where
. §(1—a)+a—9)
N a(l —a)

For b=, § = B/2, the above inequality becomes
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