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r é s u m é

On obtient un lien continu entre les cas du disque et du demi-plan dans le théorème de 
Grace, ainsi que de nouveaux domaines de zéros non cerclés, qui sont invariants par la 
convolution de Schur–Szegő.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

1.1. Main results

Let Ω be a connected set in C. Depending on whether Ω is bounded or unbounded, we denote by πn(Ω) the set of all 
polynomials of degree n or ≤ n with zeros only in Ω . A polynomial g(z) = ∑n

k=0 bk zk of degree n is called a multiplier of 
πn(Ω) if the convolution

( f ∗ g)(z) :=
n∑

k=0

akbkzk

of g with every f (z) = ∑n
k=0 akzk in πn(Ω) again belongs to πn(Ω). We denote the set of multipliers of πn(Ω) by Mn(Ω). 

The pre-coefficient class π∗
n (Ω) of a connected set Ω ⊂ C is the set of all polynomials f (z) = ∑n

k=0 bk zk for which
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Fig. 1. The sets Ω−(1+γ ),γ (grey area) for certain values of γ .

Fig. 2. The sets Iγ (dark grey) and Oγ (light grey) for certain values of γ .

f (z) ∗ (1 + z)n =
n∑

k=0

(
n

k

)
bkzk ∈ πn(Ω).

In this note we show that for every open or closed disk Ω ⊂ C that contains the origin in its interior there is an 
associated set Ω∗ ⊂ C such that Mn(Ω) = π∗

n (Ω∗).
In order to give an explicit description of the sets Ω∗ , note that, as explained in [5], for every open disk or half-plane Ω

that contains the origin, there are two unique parameters τ ∈ C \ {0} and γ ∈ [0, 1] such that Ω is the image of the open 
unit disk D := {z ∈ C : |z| < 1} under a Möbius transformation of the form

wτ ,γ (z) := τ z

1 + γ z
.

We write Ωτ,γ for such a domain and note that, for all τ ∈ C \ {0} (cf. also Fig. 1),

Ωτ,0 = {
z ∈ C : |z| < |τ |} and Ωτ,1 =

{
z ∈ C : �(

τ−1z
)
<

1

2

}
. (1)

For γ ∈ [0, 1) we also define

Iγ := {
z ∈C : |z| + γ |1 + z| < 1

}
and Oγ := {

z ∈C : |z| − γ |1 + z| > 1
}
.

Iγ and Oγ are families of sets that, when γ increases from 0 to 1, decrease from I0 = D and O 0 = C \D to

I1 :=
⋂

γ ∈[0,1)

Iγ = [−1,0] and O 1 :=
⋂

γ ∈[0,1)

Oγ = (−∞,−1], (2)

respectively. For γ ∈ (0, 1), Iγ is the interior of the inner loop of the limaçon of Pascal, and Oγ is the open exterior of the 
limaçon of Pascal (cf. Fig. 2).

Our main result can now be stated as follows.

Theorem 1.1. Let τ ∈ C \ {0} and γ ∈ [0, 1]. Then

(i) Mn(Ωτ,γ ) =Mn(Ωτ,γ ) = π∗
n (Iγ ), and

(ii) Mn(C \ Ωτ,γ ) =Mn(C \ Ωτ,γ ) = π∗
n (Oγ ).

By the definition of multiplier classes, it is clear that f , g ∈ Mn(Ω) implies f ∗ g ∈ Mn(Ω). Theorem 1.1 thus leads to 
the following description of Mn(Ω) for the domains Ω = Iγ and Ω = Oγ .

Corollary 1.2. Let γ ∈ [0, 1). Then

Mn(Iγ ) = Mn(Iγ ) = π∗
n (Iγ ) and Mn(Oγ ) = Mn(Oγ ) = π∗

n (Oγ ).
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