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r é s u m é

Nous présentons des résultats de sub- et super-ordination simultanées pour certains
opérateurs sur les fonctions méromorphes p-valuées.

© 2013 Published by Elsevier Masson SAS on behalf of Académie des sciences.

1. Introduction

Let H(U) be the class of functions analytic in U = {z ∈ C: |z| < 1} and H[a,n] be the subclass of H(U) consisting of
functions of the form:

f (z) = a + anzn + an+1zn+1 + · · · ,
with H0 = H[0,1] and H = H[1,1]. Let

∑
p denote the class of all p-valent meromorphic functions of the form:

f (z) = 1

zp
+

∞∑
k=1−p

akzk (
p ∈ N= {1,2,3, . . .}; z ∈U

∗ = U\{0}). (1.1)

Let f and F be members of H(U). The function f (z) is said to be subordinate to F (z), or F (z) is said to be superordinate
to f (z), if there exists a function ω(z) analytic in U with ω(0) = 0 and |ω(z)| < 1(z ∈U), such that f (z) = F (ω(z)). In such
a case, we write f (z) ≺ F (z). If F is univalent, then f (z) ≺ F (z) if and only if f (0) = F (0) and f (U) ⊂ F (U) (see [4,5]).

Let φ : C2 ×U → C and h(z) be univalent in U. If p(z) is analytic in U and satisfies the first-order differential subordi-
nation:

φ
(

p(z), zp′(z); z
) ≺ h(z), (1.2)
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then p(z) is a solution of the differential subordination (1.2). The univalent function q(z) is called a dominant of the
solutions of the differential subordination (1.2) if p(z) ≺ q(z) for all p(z) satisfying (1.2). A univalent dominant q̃ that
satisfies q̃ ≺ q for all dominants of (1.2) is called the best dominant. If p(z) and φ(p(z), zp′(z); z) are univalent in U and if
p(z) satisfies first-order differential superordination:

h(z) ≺ φ
(

p(z), zp′(z); z
)
, (1.3)

then p(z) is a solution of the differential superordination (1.3). An analytic function q(z) is called a subordinant of the
solutions of the differential superordination (1.3) if q(z) ≺ p(z) for all p(z) satisfying (1.3). A univalent subordinant q̃ that
satisfies q ≺ q̃ for all subordinants of (1.3) is called the best subordinant (see [4,5]).

For a function f in the class
∑

p given by (1.1), Aqlan et al. [1] introduced the following one-parameter family of integral
operators:

Pα
p f (z) = 1

zp+1Γ (α)

z∫
0

(
log

z

t

)α−1

tα−1 f (t) dt (α > 0; p ∈N). (1.4)

Using an elementary integral calculus, it is easy to verify that (see [1]):

Pα
p f (z) = 1

zp
+

∞∑
k=1−p

(
1

k + p + 1

)α

akzk (α � 0; p ∈ N). (1.5)

Also, it is easily verified from (1.5) that

z
(
Pα

p f (z)
)′ = Pα−1

p f (z) − (1 + p)Pα
p f (z). (1.6)

To prove our results, we need the following definitions and lemmas.

Definition 1. (See [4].) Denote by F the set of all functions q(z) that are analytic and injective on Ū\E(q) where

E(q) =
{
ζ ∈ ∂U: lim

z→ζ
q(z) = ∞

}
,

and are such that q′(ζ ) 	= 0 for ζ ∈ ∂U\E(q). Further let the subclass of F for which q(0) = a be denoted by F(a), F(0) ≡F0
and F(1) ≡F .

Definition 2. (See [5].) A function L(z, t) (z ∈ U, t � 0) is said to be a subordination chain if L(0, t) is analytic and univalent
in U for all t � 0, L(z,0) is continuously differentiable on [0;1) for all z ∈U and L(z, t1) ≺ L(z, t2) for all 0 � t1 � t2.

Lemma 1. (See [6].) The function L(z, t) :U× [0;1) −→C, of the form:

L(z, t) = a1(t)z + a2(t)z2 + · · · (
a1(t) 	= 0; t � 0

)
,

and limt→∞ |a1(t)| = ∞ is a subordination chain if and only if

Re

{
z∂L(z, t)/∂z

∂L(z, t)/∂t

}
> 0 (z ∈U, t � 0).

Lemma 2. (See [2].) Suppose that the function H :C2 → C satisfies the condition:

Re
{

H(is; t)
}

� 0

for all real s and for all t � −n(1 + s2)/2, n ∈N. If the function p(z) = 1 + pnzn + pn+1zn+1 + · · · is analytic in U and

Re
{

H
(

p(z); zp′(z)
)}

> 0 (z ∈U),

then Re{p(z)} > 0 for z ∈U.

Lemma 3. (See [3].) Let κ,γ ∈ C with κ 	= 0 and let h ∈ H(U) with h(0) = c. If Re{κh(z) + γ } > 0 (z ∈ U), then the solution of the
following differential equation:

q(z) + zq′(z)

κq(z) + γ
= h(z)

(
z ∈U;q(0) = c

)

is analytic in U and satisfies Re{κh(z) + γ } > 0 for z ∈ U.
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