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Abstract

The main purpose of this paper is to approximate the solution of the optimal control problem for systems
governed by a class of nonlinear Volterra integral equations. In order to do this, we use combination of
Bernstein polynomials (BPs) and block-pulse functions (BPFs) on the interval [0, 1) for converting this
problem to an optimization problem that can be solved easily by mathematical programming techniques.
Also, the convergence of the proposed method is discussed. Furthermore, in order to show the accuracy and
reliability of the proposed method, the new approach is applied to some practical problems.
c⃝ 2016 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

Consider a class of Volterra integral equations (VIEs)

x(t) = y(t) + λ

 t

0
k(s, t, u(s))x(s)ds, (1)
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where the continuous real-valued functions x(s) and u(s) are the state of the controlled system
(trajectory function) and the control function, respectively, k ∈ C([0, T ] × [0, T ] × Ω), y ∈

C[0, T ] and λ ∈ R, in which Ω ⊆ Rn is a compact set. It is known that for a given continuous
control u(t), the VIE has a unique and continuous solution. The problem of finding numerical
solution for such integral equations is one of the oldest problems in applied mathematics and
many computational methods are proposed in this area [3,4,13,25]. But not much work has been
reported on the optimal control problems (OCPs) of nonlinear systems. Optimal control problem
is determining the optimal control u(t) and the corresponding optimal state x(t) satisfying (1)
while minimizing the cost functional

J (x, u) =

 T

0
Ψ(t, x(t), u(t))dt, (2)

where Ψ ∈ C([0, T ]× R×Ω). In the rest of the paper, it is supposed T = 1 and Ψ(t, x(t), u(t))
= u2(t) + x2(t) + f (t)x(t) + g(t)u(t) where f (t) and g(t) are real functions in L2

[0, 1]. Also,
it is assumed that the optimal control of this problem is unique.

The classical theory of optimal control was originally developed to deal with systems of con-
trolled ordinary differential equations [20]. Due to literature [16,22], a wide class of controlled
systems in economics, biology, epidemiology, and memory effects can be described by Volterra
integral equations instead of ordinary differential equations. Because of the complexity of most
applications, optimal control problems are most often solved numerically. Numerical methods
for solving optimal control problems date back to the 1950s with the works of Bellman [5,8,6,
10,7,9].

There are different techniques for solving the optimal control problem governed by Volterra
integral equations. Recently, homotopy perturbation method (HPM) [12], Chebyshev polynomi-
als [38], Legendre polynomials [36] and a hybrid method based on steepest descent and Newton
methods [30] have been used for solving OCPs governed by VIEs. In [34] the author developed
a general framework for nonlinear optimal control problem by employing BPFs. Using quasilin-
earization and Chebyshev polynomials, a numerical method to solve nonlinear optimal control
problem was presented in [21]. A class of computational methods based on pseudo spectral ap-
proximations was presented in [33] for solving a wide variety of optimal control problems. BPFs
were used in [14] to solve linear and nonlinear optimal control problems with constraints. Also,
the necessary and sufficient conditions on the existence solution optimal control of Volterra in-
tegral equations have been considered in [37]. Existence and uniqueness of the solution of the
optimal control of systems governed by VIEs can be found in [2].

In this paper, we propose to study optimal control of systems governed by some classes of
nonlinear Volterra integral equations which can be described by (2) subject to state dynamics (1).
For this purpose, we use hybrid functions of Bernstein polynomials and block-pulse functions
companied with the sequential quadratic programming (SQP) algorithm. Bernstein polynomials
are quite easy to write down: the coefficients can be obtained from Pascal’s triangle. It can easily
be shown that each of the BPs is positive and also the sum of all the BPs is unity. Bernstein
polynomials form a complete basis over the interval [0, 1]. It is easy to show that any given poly-
nomial of degree M can be expressed in terms of linear combination of the basis functions and
only a small number of BPs are needed to obtain a satisfactory result. Block-pulse functions are
studied by many authors and applied for solving different problems [14,34]. The most important
properties of BPFs are disjointness, orthogonality, and completeness. BPFs are very common in
use and they improve the rate of convergence in some other methods such as hybrid methods.
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