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A new fixed point theorem in the fractal space

Song-il Ri

Department of Mathematics, University of Science, Pyongyang, Democratic People’s Republic of Korea

Received 25 March 2015; received in revised form 6 July 2015; accepted 21 July 2015

Communicated by H. Woerdeman

Abstract

In this paper we present some important generalizations of the Banach contraction principle in which
the Lipschitz constant k is replaced by some real-valued control function.

For the applications to the fractal, we obtain the fixed point theorem of the some generalized contraction
in the fractal space.
c⃝ 2015 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction and preparatory results

The most well known result in the theory of fixed points is Banach’s contraction mapping
principle.

Boyd and Wong [6] and Matkowski (see [11,16,19,20]) proved the theorem of existence of
fixed point of mappings in complete metric space. In particular, these theorems extend the result
of F.E. Browder’s fixed point theorem.

They discussed the Banach contraction principle with some generalized contraction condi-
tions and weakened the usual contraction condition. The main idea in the generalization of Ba-
nach’s contraction theorem was to use the combining of the ideas in the contraction principle
(see [1–5,7–10,12,14–22]).

E-mail address: si1974730@163.com.

http://dx.doi.org/10.1016/j.indag.2015.07.006
0019-3577/ c⃝ 2015 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.indag.2015.07.006&domain=pdf
http://www.elsevier.com/locate/indag
http://dx.doi.org/10.1016/j.indag.2015.07.006
http://www.elsevier.com/locate/indag
mailto:si1974730@163.com
http://dx.doi.org/10.1016/j.indag.2015.07.006


86 S.-i. Ri / Indagationes Mathematicae 27 (2016) 85–93

If all fi (i = 1, . . . , N ) are Banach contractions, then the mapping

F(A) :=
N
∪

i=1
fi (A) for A ∈ H(X)

has a unique fixed point K in H(X). Here H(X) denotes the space whose points are the compact
subsets of the complete metric space (X, d) other than the empty set. This result was proposed
by Barnsley [1,2]. The previous works proved theorem dealing with finite (or infinite) families
of Matkowski’s contractions [16,19,20], which extended the result of Barnsley.

The aim of this paper is to obtain the fixed point theorems of the some generalized contractions
and present the application of fixed point theorems in fractal space.

Before we establish the fixed point theorems of the some generalized contraction, we discuss
some basic results.

Theorem 1.1 (Boyd and Wong’s Fixed Point Theorem (See [6])). Let X be a complete metric
space, and let f : X → X satisfy

d( f (x), f (y)) ≤ ϕ(d(x, y)) for all x, y ∈ X,

where P = {d(x, y)|x, y ∈ X}, P is the closure P, ϕ : P → [0,+∞) is upper semicontinuous
function from the right on P (not necessarily non-decreasing), and satisfies ϕ(t) < t for all
t ∈ P/{0}. Then, f has a unique fixed point p ∈ X, and limn→+∞ f n(x) = p for each x ∈ X.

J.R. Jachymski [11] obtained a complete characterization of relations between fixed point
theorems.

Definition 1.1 ([11]). Given a function ϕ : R+ → R+ such that ϕ(t) < t for t > 0, and a
selfmap f of a metric space (X, d), we say that f is ϕ-contractive if

d( f (x), f (y)) ≤ ϕ(d(x, y)) for all x, y ∈ X.

Theorem 1.2 (cf. [11]). Let f be a self-map of a metric space (X, d). The following statements
are equivalent.

(1) There exists an increasing and right continuous function ϕ : R+ → R+ such that f is
ϕ-contractive.

(2) There exists a continuous function ψ : R+ → R+ with ψ(t) > 0 for t > 0, such that

d( f (x), f (y)) ≤ d(x, y)− ψ(d(x, y)) for all x, y ∈ X.

(3) There exists an upper semicontinuous function ϕ : R+ → R+ such that f is ϕ-contractive.

(4) There exists a function ϕ : R+ → R+ with lim sups→tϕ(s) < t , for all t > 0, such that f is
ϕ-contractive.

(5) There exists a strictly increasing function ϕ : R+ → R+ such that limn→+∞ ϕn(t) = 0 for
all t ∈ R+ holds and f is ϕ-contractive.

(6) There exists a strictly increasing and continuous function ϕ : R+ → R+ such that f is
ϕ-contractive.

Remark 1.1 (See [11]). Theorem 1.2(3) is the specialization of the condition due to Boyd and
Wong [6] in which, originally, ϕ is right upper semi-continuous.
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