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Abstract

We prove that for any given upper semicontinuous function ϕ on a subset E of Cn
\ {0}, such that the

complex cone generated by E minus the origin is open and connected, the homogeneous Siciak–Zaharyuta
function with the weight ϕ on E can be represented as an envelope of a disc functional.
c⃝ 2015 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let L denote the Lelong class on Cn and Lh the subclass of functions u which are logarith-
mically homogeneous. Let ϕ: E → R be a function on a subset E of Cn taking values in the
extended real line R. The Siciak–Zaharyuta extremal function VE,ϕ with weight ϕ is defined by

VE,ϕ = sup{u ∈ L; u|E ≤ ϕ}.
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The homogeneous Siciak–Zaharyuta extremal function V h
E,ϕ with weight ϕ is defined similarly

with Lh in the role of L. In the special case when ϕ = 0 we only write VE (and V h
E ) and we

call this function the (homogeneous) Siciak–Zaharyuta extremal function for the set E . The func-
tion VE (V h

E ) is also called the (homogeneous) pluricomplex Green function for E with pole at
infinity. Let CE = {λz; λ ∈ C, z ∈ E} and C∗E = {λz; λ ∈ C∗, z ∈ E}.

Theorem 1. Let ϕ: E → R ∪ {−∞} be an upper semicontinuous function on a subset E of
Cn

\ {0} such that C∗E is nonpluripolar. Assume that there exists a function in Lh dominated by
ϕ on E. Then the largest logarithmically homogeneous function CE → R ∪ {−∞} dominated
by ϕ on E is upper semicontinuous on C∗E and it is of the form log ϱE,ϕ , where

ϱE,ϕ(z) = inf{|λ|eϕ(z/λ); λ ∈ C∗, z/λ ∈ E}, z ∈ C∗E . (1)

If C∗E is open and connected, then for every z ∈ Cn

V h
E,ϕ(z) = inf


T

log ϱE,ϕ( f1, . . . , fn) dσ ; f ∈ O(D,Pn), f = [ f0 : · · · : fn] ,

f (T) ⊂ C∗E, f0(0) = 1, ( f1(0), . . . , fn(0)) = z


. (2)

If CE = Cn , then for every z ∈ Cn

V h
E,ϕ(z) = inf


T

log ϱE,ϕ ◦ f dσ ; f ∈ O(D,Cn), f (0) = z


. (3)

A closed analytic disc in a complex space X is a holomorphic map f : D → X from some
neighbourhood of the unit disc D in C into X . The point z = f (0) ∈ X is called the center of
f . We denote the set of all closed analytic discs in X by O(D, X). For a subset B of O(D, X),
let B(z) consist of all f ∈ B with center z. A disc functional H on X is a map defined on some
subset A of O(D, X) with values in the extended real line R. The envelope EB H : X → R of H
with respect to the subset B of A is defined by EB H(z) = inf{H( f ); f ∈ B(z)} for z ∈ X .

The formula (2) is an example of a disc envelope formula, where A consists of all closed
analytic discs with values in the projective space, i.e., elements f in O(D,Pn), which map the
unit circle T into C∗E, H( f ) is the integral, and B is the subset of A consisting of discs with
f0(0) = 1. We identify a point [1 : z] ∈ Pn with the point z ∈ Cn .

For general information on the Siciak–Zaharyuta extremal function see Siciak [10–14] and Za-
haryuta [15]. The first disc envelope formula for VE was proved by Lempert in the case when E
is an open convex subset of Cn with real analytic boundary. (The proof is given in Momm [7, Ap-
pendix].) Lárusson and Sigurdsson [3] proved disc envelope formulas for VE for open connected
subsets E of Cn . Magnússon and Sigurdsson [6] generalized this result and obtained a disc for-
mula for VE,ϕ in the case when ϕ is an upper semicontinuous function on an open connected sub-
set E of Cn . Drinovec Drnovšek and Forstnerič [1] proved disc envelope formulas for VE for open
subsets E of an irreducible and locally irreducible algebraic subvariety of Cn . Magnússon [5] es-
tablished disc envelope formulas for the global extremal function in the projective space.

Notation. Let D denote the open unit disc in C,T the unit circle, and σ the arc length measure
on T normalized to 1. For a subset X of Cn we let U S C(X) denote the set of all upper
semicontinuous functions on X , and for open subset U of Cn we denote by P S H(U ) the set
of all plurisubharmonic functions on U . Let log+ denote the positive part of the log function.
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