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Abstract

This paper is concerned with Riemann–Liouville abstract fractional Cauchy Problems with damping.
The notion of Riemann–Liouville fractional (α, β, c) resolvent is developed, where 0 < β < α ≤ 1. Some
of its properties are obtained. By combining such properties with the properties of general Mittag-Leffler
functions, existence and uniqueness results of the strong solution of Riemann–Liouville abstract fractional
Cauchy Problems with damping are established. As an application, a fractional diffusion equation with
damping is presented.
c⃝ 2013 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we are concerned with the following Riemann–Liouville abstract fractional
Cauchy problem with damping

(RLAFCP)x


Dα

t u(t) + cDβ
t u(t) = Au(t), t > 0,

(g1−α ∗ u)(0) = x,

where 0 < β < α ≤ 1, u(·) is the state, A : D(A) ⊂ X → X is a closed linear operator,
(X, ∥ · ∥) is a Banach space, D(A) is the domain of A endowed with the graph norm ∥ · ∥D(A) =
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∥ · ∥+∥A · ∥, Dα
t and Dβ

t are respectively the α-order and β-order Riemann–Liouville fractional
derivative operators, g1−α(t) =

t−α

0(1−α)
, c is a real number. If the coefficient c = 0, we

call (RLAFCP)x to be Riemann–Liouville abstract fractional Cauchy problem. For fractional
calculus involving fractional derivatives, we refer to [12].

Fractional derivatives possess memorizing properties, which makes fractional derivative more
suitable than derivative of integer-order to describe the properties of various real materials. For
example, fractional Cauchy problems have been used to model efficiently anomalous diffusion
on fractals (physical objects of fractional dimension, like some amorphous semiconductors
or strongly porous materials; see [1,22] and the references therein), fractional random walk,
etc. Berens and Westphal [4] first considered the abstract Cauchy problem involving the
Riemann–Liouville fractional derivative operator. Hilfer studied in [15] the Riemann–Liouville
fractional diffusion equation of order 0 < α < 1

Dα
t f (r, t) = Cα1 f (r, t)

where f (r, t) denotes the unknown field and Cα denotes the fractional diffusion constant with
dimensions [cm/sα

]; he pointed out that the initial condition should be given in the form
of g1−α(t) ∗ f (r, t)|t→0+ . This implies that the initial condition should have memorizing
property. Heymans and Podlubny [14] demonstrated that in some material, the initial conditions
for fractional differential equations with Riemann–Liouville derivatives have strong physical
meaning, and that the corresponding quantities can be obtained from measurements.

Motivated by the fact that semigroup theory is closely related to the first-order abstract Cauchy
problem, Da Prato and Iannelli [9] introduced the concept of resolvent families. Oka [25] intro-
duced integrated solution families. Lizama [20] introduced (a, k)-regularized resolvents with a
being continuous on [0, ∞). Bazhlekova [3] carried out research on fractional evolution equa-
tions by using solution operators. Peng and Li [26] developed the notion of fractional semigroup
to study fractional differential equations. Obviously, the above “families” have a common fea-
ture, that is, the families are strongly continuous at zero. However, Riemann–Liouville abstract
fractional Cauchy problems with order 0 < α < 1 possess a singularity at zero. The singular-
ity makes the above “families” unsuitable to study such Riemann–Liouville abstract fractional
Cauchy problems.

In order to study the properties of Riemann–Liouville abstract fractional Cauchy problem, Li
and Peng [19] recently developed a new notion, namely α-order fractional resolvent. Concretely,
they considered a Riemann–Liouville abstract fractional Cauchy problem with

lim
t→0+

0(α)t1−αu(t) = x (1)

instead of the initial value condition (g1−α ∗ u)(0) = x and defined the notion α-order fractional
resolvent by

Definition 1 ([19]). Let 0 < α < 1. A family {T (t)}t>0 of bounded linear operators on Banach
space X is called an α-order fractional resolvent if it satisfies the following assumptions:

(P1) for any x ∈ X, T (·)x ∈ C((0, ∞), X), and

lim
t→0+

0(α)t1−αT (t)x = x for all x ∈ X; (2)

(P2) T (s)T (t) = T (t)T (s) for all t, s > 0;
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