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Abstract

In this paper we consider a system of nonlinear viscoelastic wave equations. Under arbitrary positive
initial energy and standard conditions on the relaxation functions, we prove a finite-time blow-up result.
c⃝ 2013 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this work we consider a system of nonlinear viscoelastic wave equations in the presence of
linear damping and the nonlinear source, namely,

ut t − 1u +

 t

0
g(t − s)1u(s)ds + µ1ut = f1(u, v), x ∈ Ω , t > 0,

vt t − 1v +

 t

0
h(t − s)1v(s)ds + µ2vt = f2(u, v), x ∈ Ω , t > 0,

u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Ω ,

v(x, 0) = v0(x), vt (x, 0) = v1(x), x ∈ Ω ,

u |∂Ω = v |∂Ω = 0,

(1.1)
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where Ω ⊂ Rn is a bounded domain with a smooth boundary ∂Ω . The functions g, h are
the relaxation functions, nonnegative, nonincreasing and satisfying additional conditions to be
specified later. This type of problems arise in viscoelasticity and in systems governing the
longitudinal motion of a viscoelastic configuration obeying a nonlinear Boltzmann model. The
functions u and v represent the transverse displacements of the waves.

The wave equation, in the absence of the viscoelastic term (g = 0), has been extensively
studied and many results concerning global existence and nonexistence have been proved. For
instance, for the equation

ut t − 1u + aut |ut |
m

= b|u|
pu, in Ω × (0, ∞) (1.2)

m, p ≥ 0, it is well known that, for a = 0, the source term bu|u|
p, (p > 0) causes finite

time blowup of solutions with negative initial energy (see [3]). The interaction between the
damping and source terms was first considered by Levine [10,11] in the linear damping case
(m = 0). He showed that solutions with negative initial energy blow up in finite time. Georgiev
and Todorova [5], Messaoudi [17] and others extended Levine’s result to the nonlinear damping
case (m > 0).

In the presence of the viscoelastic term, Messaoudi [18] considered the following
initial–boundary value problem

ut t − 1u +

 t

0
g(t − τ)1u(τ )dτ + ut |ut |

m−2
= u|u|

p−2, in Ω × (0, ∞)

u(x, t) = 0, x ∈ ∂Ω , t ≥ 0
u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Ω ,

(1.3)

and showed, under suitable conditions on g, that solutions with initial negative energy blow up
in finite time if p > m and continue to exist if m ≥ p.

Concerning Cauchy problems, Kafini and Messaoudi [8] established a blow-up result for the
problemut t − 1u +

 t

0
g(t − s)1u(x, s)ds + ut = |u|

p−1 u, x ∈ Rn, t > 0

u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Rn
(1.4)

where g satisfies
 t

0 g(s)ds < (2p − 2) / (2p − 1) and the initial data are compactly supported
with negative energy such that


Rn u0u1dx ≥ 0. In their work, they extended the result of [22]

established for the wave equation.
Recently, Maxim Korpusov [9] studied the initial–boundary-value problem for the generalized

dissipative high-order equation of Klein–Gordon type with arbitrary positive initial energy. He
established a blow-up result using the modified concavity method of Levine developed in [2].
More and recent blow-up results with arbitrary positive initial energy can be found, for instance,
in Jie Ma et al. [15], Hongrui Geng et al. [4], Shengjia Lia et al. [12], and Shun-Tang Wu [21].

For a coupled system, Agre and Rammaha [1] investigated the following system
ut t − 1u + ut |ut |

m−1
= f1(u, v), in Ω × (0, T )

vt t − 1v + vt |vt |
r−1

= f2(u, v), in Ω × (0, T )
(1.5)

where Ω ⊆ Rn (n = 1, 2, 3) is a bounded domain with smooth boundary and m, r ≥ 1. Under
special types of the nonlinearities f1 and f2, they established the global existence and blowup of
weak solutions with initial and Dirichlet boundary conditions.
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