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Abstract

We show that (generalized) Calkin correspondence between quasi-normed symmetric sequence spaces
and symmetrically quasi-normed ideals of compact operators on an infinite-dimensional Hilbert space
preserves completeness. We also establish a semifinite version of this result.
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1. Introduction and preliminaries

Let H be a complex Hilbert space, B(H) be the algebra of all bounded linear operators on
H and let Co(H) be the ideal of all compact operators. There is a remarkable correspondence
between sequence spaces and two-sided ideals of compact operators due to Calkin [1]. Recall,
that a linear subspace J of compact operators is a two-sided ideal if X € J and Y € B(H)
implies Y X, XY € J. A Calkin space J is a subspace of ¢y (the space of all vanishing sequences)
such that x € J and u(y) < w(x) implies y € J, where p(x) is the decreasing rearrangement of
the sequence |x|. For a compact operator X, an eigenvalue sequence

AMX) = {r(n, X))}, € co

is the sequence of eigenvalues A(n, X), n = 1,2,..., of X, repeated according to algebraic
multiplicity, such that the absolute values |AL(n, X)| are decreasing. The singular value sequence
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1 (X) of the operator X is the eigenvalue sequence of | X| = ~/ X*X, that is
w(X) = {un@m, X)}2 = (A(n, XD},

The Calkin correspondence may be explained as follows. If J is a Calkin space then associate to
it the subset 7 of compact operators

J ={X eCy(H): n(X) e J}.
Conversely, if J is a two-sided ideal, then associate to it the sequence space
J={x €co:pulx)=pwu(X)forsome X € J}.

For the proof of the following theorem we refer to Calkin’s original paper, [1], and to Simon’s
book, [20, Theorem 2.5].

Theorem 1 (Calkin Correspondence). The correspondence J <> [J is a bijection between
Calkin spaces and two-sided ideals of compact operators.

In the recent paper [12], due to Kalton and the author, this correspondence has been specialized to
symmetrically-normed ideals [7,8,20] and symmetric sequence spaces [15]. We use the notation
I - llco to denote the uniform norm on B(H).

Definition 2. (i) Anideal £ of B(H) is said to be symmetrically (quasi)-normed if it is equipped
with a Banach (quasi)-norm || - ||¢ such that

IXYle, 1Y Xlle < XNl oo, X €E,Y € B(H).

(ii) A Calkin space E is a symmetric sequence space if it is equipped with a Banach (quasi)-norm
Il - |g such that |y||g < ||x||g forevery x € E and y € ¢g such that u(y) < u(x).

For convenience of the reader, we recall that a map || - || from a linear space X into the field R of
real numbers is a quasi-norm, if for all x, y € X and scalars « the following properties hold:

@ lixll =0, x|l =0 % x =0;
(1) flax| = lellxll;
(i) [lx + yll < Cixll +lylD, € > 1.

The couple (X, |- ||) is a quasi-normed space and the least constant C satisfying the inequality
(iii) above is called the modulus of concavity of the quasi-norm || - || and denoted by Cx. A
complete a quasi-normed space is called quasi-Banach.

It easily follows from Definition 2 that if (£, || - ||¢) is a symmetrically (quasi)-normed ideal,
X efandY € B(H) is such that u(¥Y) < u(X),then Y € £ and ||Y|l¢ < || X|g. In particular,
it is easy to see that if E is Calkin space corresponding to £, then setting ||x| g := || X||¢ (Where
X € & is such that u(x) = (X)) we obtain that (E, || - ||g) is a symmetric sequence space.
The converse implication is much harder [12]. To state the main result of [12], we need to recall
the notion of p-convexity in symmetric spaces. Suppose 0 < p < oo. Then a quasi-Banach
sequence space E is said to be p-convex where 0 < p < oo if there is a constant C so that

I(x1 1P + -+ D YP e < Clixilll + -+ I I)YP, xp,...,x, € E.

The following theorem is a combination of [12, Theorem 8.7] and [12, Theorem 8.11] restated
here for a special case of ideals of compact operators. Let (E, ||-|| g) be a symmetric quasi-Banach
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