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Abstract

Some geometric properties of classical Lorentz spaces Λ1,w are considered. First criteria for the
Kadec–Klee property with respect to the local convergence in measure for Lorentz spaces Λ1,w are given.
In order to prove these criteria it was necessary to find first weaker sufficient conditions for the almost
everywhere convergence of a sequence of rearrangements (x∗

n ) to a rearrangement element x∗. Next criteria
for non-squareness as well as for extreme points of the unit ball of the spaces are established. The last result
is a generalization of the result presented in Carothers et al. (1992) [5].
c⃝ 2012 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Preliminaries

Lorentz spaces introduced by Lorentz in 1950 (see [37,38]) play an important role in the
theory of Banach spaces, in particular they are key objects in the interpolation theory of linear
operators. Since their introduction Lorentz spaces have been objects of extensive investigations,
results of which are contained among others in the papers [19,20,1,4–6,22,7,32,29,11,30] and
the monographs [2,34–36].

Let L0
= L0([0, γ ),Σ , m) be the space of all (equivalence classes of) Lebesgue measurable

real-valued functions defined on the interval [0, γ ), where γ ≤ ∞. For any x, y ∈ L0, we write
x ≤ y, if x(t) ≤ y(t) almost everywhere with respect to the Lebesgue measure m on [0, γ ).
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Given any x ∈ L0 we define its distribution function µx : [0, +∞) → [0, γ ] by

µx (λ) = m({t ∈ [0, γ ) : |x(t)| > λ})

(see [2,34,36]) and the non-increasing rearrangement x∗
: [0, γ ) → [0, ∞] of x as

x∗(t) = inf{λ ≥ 0 : µx (λ) ≤ t}

(under the convention inf ∅ = ∞). We say that two functions x, y ∈ L0 are equimeasurable if
µx (λ) = µy(λ) for all λ ≥ 0. Then we obviously have x∗

= y∗.
A Banach space E = (E, ≤, ∥ ·∥), where E ⊂ L0, is said to be a Köthe space if the following

conditions are satisfied:

(i) if x ∈ E, y ∈ L0 and |y| ≤ |x |, then y ∈ E and ∥y∥ ≤ ∥x∥,
(ii) there exists a function x in E that is strictly positive on the whole [0, γ ).

Recall that the Köthe space E is called symmetric if E is rearrangement invariant in the sense
that if x ∈ E, y ∈ L0 and x∗

= y∗, then y ∈ E and ∥x∥ = ∥y∥ (see [7]). For basic properties of
symmetric spaces we refer to [2,34,36].

By w we denote a nonnegative and locally integrable function on [0, γ ) (not identically 0)
called a weight function and define on L0 the functional

∥x∥ =

 γ

0
x∗(t)w(t)dt

with values in [0, +∞]. It is well known that the functional ∥ · ∥ satisfies the triangle inequality
and so it is a function norm (recall that function norm admits values +∞) if and only if the
weight function w is a non-increasing on the interval [0, γ ) (see [38, Theorem 1]).

Assuming in the following that w is non-increasing function, we define the Lorentz space
Λ1,w by the formula

Λ1,w = {x ∈ L0
: ∥x∥ < ∞}

(see [38]). It is well known that Λ1,w is a Banach symmetric space (see [38, page 413]).
The remark presented below will be used in the third part of the paper.

Remark 1. Let x, y ∈ Λ1,w and t ∈ (0, γ ) be such that (
x+y

2 )∗(t) > lims→∞(
x+y

2 )∗(s). Then,
by Krein et al. ([34], property 7◦, page 64), there is a set et = et (

x+y
2 ) such that m(et ) = t and t

0


x + y

2

∗

(s)ds =


et

 x + y

2

 (s)ds.

Defining t (x) = m(suppx ∩ et ) and t (y) = m(suppy ∩ et ), by convexity of the norm ∥ · ∥, we
have  t

0


x + y

2

∗

(s)w(s)ds =


x + y

2


χet

 ≤
1
2
∥xχet ∥ +

1
2
∥yχet ∥

=
1
2

 t (x)

0
(xχet )

∗(s)w(s)ds +
1
2

 t (y)

0
(yχet )

∗(s)w(s)ds.

Denoting At = [0, γ )\et , a(x) = m(suppx∩ At ), a(y) = m(suppy∩ At ) and applying convexity
of the norm ∥ · ∥t , defined by the formula

∥x∥t =

 γ

0
x∗(s)w(t + s)ds
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