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Cyclicity of common slow–fast cycles
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Abstract

We study the limit cycles of planar slow–fast vector fields, appearing near a given slow–fast cycle,
formed by an arbitrary sequence of slow parts and fast parts, and where the slow parts can meet the fast
parts in a nilpotent contact point of arbitrary order. Using the notion slow divergence integral, we delimit
a large subclass of these slow–fast cycles out of which at most one limit cycle can perturb, and a smaller
subclass out of which exactly one limit cycle will perturb. Though the focus lies on common slow–fast
cycles, i.e. cycles with only attracting or only repelling slow parts, we present results that are valid for more
general slow–fast cycles. We also provide examples of attracting common slow–fast cycles out of which
more than one limit cycle can perturb, one of which is repelling.
c⃝ 2011 Royal Netherlands Academy of Arts and Sciences. Published by Elsevier B.V. All rights reserved.
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1. Introduction

This paper is devoted to the study of limit cycles appearing in singularly perturbed families
of planar vector fields (or more generally vector fields Xϵ on an orientable 2-manifold). We
consider an ϵ-family of vector fields on a 2-manifold that, for ϵ = 0, has a curve of singular
points. Such a curve will be called a slow curve and will be denoted S. In general, S consists of
hyperbolically attracting points, hyperbolically repelling points and contact points, depending on
whether the linear part of the vector field at that point of S has a negative nonzero eigenvalue, a
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Fig. 1. An example of a common slow–fast cycle.

positive nonzero eigenvalue, or 2 zero eigenvalues. In this paper, we will only consider contact
points of nilpotent type, subject to some mild extra conditions (see later). The main question
that we deal with is to describe the dynamics near a so-called slow–fast cycle, focusing first on
common slow–fast cycles. In particular we study the limit cycles that can perturb from such a
slow–fast cycle. Let us explain the notion “slow–fast cycle” and “common slow–fast cycle”. It
is well-known that orbits of Xϵ , for ϵ > 0 small, are Hausdorff close to a succession of fast
orbits and parts of the slow curve. Fast orbits are regular orbits of X0. The presence of a curve
of singular points of X0 typically reduces the complexity of the phase portrait: points near the
curve are either attracted or repelled away from the slow curve. In the neighborhood of the slow
curve, the behavior of Xϵ , for ϵ > 0 small, is determined by a slow drift along the slow curve.
This is called the slow dynamics.

A slow–fast cycle is a succession of slow parts and fast orbits, such that the end points
coincide. For ϵ = 0 we of course have no limit cycles; limit cycles may exist for ϵ > 0 small,
bifurcating from a slow–fast cycle. A common slow–fast cycle is a slow–fast cycle where the slow
parts are either all attracting or all repelling, see for example in Fig. 1. This notion is seen in
contrast with a canard cycle, which is a slow–fast cycle where both attracting and repelling slow
parts are present. In this paper, we obtain results on both common and canard-type slow–fast
cycles in a quite general setting, but to present the ideas, we will focus in the introduction on
attracting common slow–fast cycles (the case of repelling common cycles is completely similar
by inversion of time). Furthermore, we will first suppose that the slow dynamics is regular as
well outside as at the contact points. If this is the case, we speak of a regular common slow–fast
cycle. Later in the paper we will obtain a result for a more general class of slow–fast cycles.

There are two main results in this paper. On one hand we prove that one can have at most
one limit cycle perturbing from an attracting common slow–fast cycle Γ ; on the other hand we
show the occurrence of a (unique) limit cycle of Xϵ when perturbing from a strongly common
slow–fast cycle. For the first result (that in fact will be proven to hold for a slightly more general
type of slow–fast cycles than the attracting common one), we essentially study the first return
map along Γ , and prove that it has a derivative strictly between 0 by 1 (for ϵ > 0). To that end,
we relate this derivative of the first return map to the exponential of the integral of the divergence
of the vector field. We prove that this divergence integral is dominated by the contributions it has
from the slow parts (i.e. the fast parts are negligible, and so are the parts in the vicinity of contact
points). Since the slow parts of a common cycle are all attracting or all repelling, the divergence
integral surely has a fixed sign, from which the required results on the derivative of the first return
map are derived. Such a bound on the divergence integral will be obtained for arbitrary regular
common slow–fast cycles, showing that at most one limit cycle may perturb from it. We then
generalize the result to a slightly larger class of slow–fast cycles.

On the other hand, we will introduce the notion “strongly common slow–fast cycle”, and for
this subset of common cycles, we will show that necessarily a (unique) limit cycle perturbs from
it. The existence part in this statement will be done by covering the slow–fast cycle with a chain
of limits of flow box neighborhoods. More details will be given in Sections 5 and 6.
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