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Abstract

Consider the transformation t (x) = [l] <([l] + 1) x — 1) ,x #0,7(0) =0, of I = [0, 1] which

X X
underlines the Liiroth expansion. Let u© <« A (Lebesgue measure on [0, 1]). We show that ut =" (A)
approaches A (A) uniformly in A € B; with reminder O (q") ,0 < g < 1, as n — oo, for certain
densities du /dA.
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1. Introduction

Liiroth [7] introduced and studied the following series expansion. Let x € I. Then

1 1
Tam  dwdm -_Dam T
1
TH O @O D d ) e ) = Ddy 1)

ey

* Corresponding author. Tel.: +40 21 4029489; fax: +40 21 3181011.
E-mail addresses: miosifes@acad.ro (M. losifescu), igsebe @yahoo.com (G.I. Sebe).
0019-3577/$ - see front matter (©) 2012 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights

reserved.
doi:10.1016/j.indag.2012.12.003


http://www.elsevier.com/locate/indag
http://dx.doi.org/10.1016/j.indag.2012.12.003
http://www.elsevier.com/locate/indag
mailto:miosifes@acad.ro
mailto:igsebe@yahoo.com
http://dx.doi.org/10.1016/j.indag.2012.12.003

M. losifescu, G.I. Sebe / Indagationes Mathematicae 24 (2013) 382-390 383

where the digits (incomplete quotients) d,(x),n € Ny = {1, 2, ...}, are natural integers > 2.
(We will suppress x in the notation when confusion is not possible.) Liiroth showed that every
irrational number has a unique infinite expansion (1) and that each rational either has a finite or
an infinite periodic expansion. The series expansion (1) is called the Liiroth series of x.

We note that the Liiroth expansion is generated by the transformation t : I — [ defined as

r(x)=|:£:| <<|:j—c]+1>x—l>, x #0, 7(0) =0. @)

Here [-] stands for the integer part. For x € I we define d; (x) = [%] +1,x #0;d; (0) = o0

and d,+1 (x) = d; (77 (x)),n € Ny. It follows from (2) that T (x) = d| (x) (d] (x) — 1) x —
(di (x) — 1) and, therefore,
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Putting
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qn (¥) 1 (x) = di(x)(d1 (x) = D) di (%) (di (x) = 1) diy1 (%)

where g1 (x) = di (x), gn (x) = di (x) (d1 (x) = 1) -+~ dp—1 (x) (dp—1 (x) = D) dp (x) ,n = 2,
the n-th convergent of x, it follows from (3) that

Pn (X) ™ (%)
X — = , n>1
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It follows from d, > 2 and 0 < 7" < 1 that the sum (1) converges to x. We will write x =
(dy (x),dy (x),...)and f;—;’ =, dy....,dy).

In addition we should mention that the digits d,,n € N;, may be considered as random
variables on / equipped with the o-algebra B; of all Borel subsets of /. These are almost
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