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a b s t r a c t

Active vibration control problem for a rectangular plate subject to moment boundary con-
ditions and forcing function is solved by means of a maximum principle. The control is ex-
ercised by a patch actuator and the solution is formulated using an adjoint variable leading
to a coupled boundary–initial-terminal value problem. The application of the maximum
principle yields the optimal control expression as well as the explicit solution for a simply
supported plate. The objective functional to be minimized is defined as a quadratic func-
tional of displacement and velocity and also includes a penalty in terms of control voltage
applied to the piezoelectric patch actuator. The penalty term limits the amount of control
energy spent during the control process. Numerical results are presented to assess the ef-
fect of the optimal control algorithm.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Plates are used in several engineering applications and exposed to a variety of dynamic loads under operational condi-
tions. Such loads are often in the form of transient forces acting on the plate and/or time-dependent boundary conditions
leading to forced vibrations. Many studies on the subject include [1–6] where rectangular plates undergoing forced vi-
brations have been investigated. Corresponding studies on the forced vibrations of beams with time dependent boundary
conditions can be found in [7,8]. Present study is directed to the optimal control of rectangular plates to damp out vibrations
caused by time-dependent transverse loads and moment boundary conditions using an open-loop controlled piezoelectric
patch actuator. Damping out the excessive vibrations is of importance for a large number of structural components and es-
pecially important for aircraft wings and space crafts for operational reasons [9–11]. For this reason structures with surface
bonded piezoelectric patch actuators have received considerable attention for the development of smart structures capable
of damping out excessive vibrations. A review on vibration using smart material technology is given by [12].

Distributed piezoelectric actuators are used widely in structural applications for shape control, vibration suppression
and acoustic control, and in particular active vibration control employing piezoelectric actuators has been studied exten-
sively. One reason for this is that compared to other choices of actuators, piezoelectric devices are relatively light weight,
can be easily embedded or bonded, have low energy requirements and smaller than traditional actuators used in vibration
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suppression. Recent studies on the vibration control of plates using piezoelectric actuators and sensors include [13–17]. In
these studies several aspects of piezoelectric control have been studied including feedback control [14], constraints on con-
trol voltage [15], and open-loop control [17]. Optimal placement of patch actuators to improve control has been the subject of
[18–20]. Numerical solutions of the active piezoelectric control problems have been obtained using finite element formula-
tions in [21–23]. Piezoelectric control of functionally gradedmaterial (FGM)plates has been studied [24,25]. Use of piezoelec-
tric actuators for controlling panel flutter has been the subject of [9,10]. In the above studies isotropic piezoelectricmaterials
were employed as actuators and sensorswhile the orthotropic piezo-actuators can also be used for this purpose [26]. Special
cases of vibration control due to thermal loads [27–30] andmoving loads [31] using piezoelectric actuationwere also studied.
In the present study, the optimal vibration control problem for a simply supported rectangular plate subject to an external
excitation and transient moment boundary conditions is formulated and solved with the control exercised by a piezo-patch
actuator. The original contribution of the present paper to literature is that, in this paper, the effects of the external excitation
and transient moment boundary conditions to a simply supported rectangular plate with the control exercised by a piezo-
patch actuator are considered together to gain more realistic observation of the plate. Such cases of forced vibration arise in
many practical situations due to external sources such as wind loading, machinery vibrations, and transient torsional loads
on the boundaries. The open loop control law is derived by using a maximum principle which allows an analytical solution
of the problem. The objective functional to be minimized is specified as the dynamic response of the plate which is defined
as a quadratic functional of the displacement and velocity with the expenditure of control energy added as a penalty term.
A control algorithm based on the maximum principle is formulated and shown to damp out the vibrations and minimize
the dynamic response of the plate by using a minimum level of voltage. Numerical examples are given to demonstrate the
effectiveness of the control algorithmwith the plate subject to a forcing function or transientmoment boundary conditions.

2. Problem formulation

We consider a simply supported rectangular plate, subject to the external excitation and moment boundary conditions,
with piezoelectric patch actuator bonded on the plate. Initially, the plate is assumed to be undeformed. The control problem
is aimed to suppress the vibrations induced by external excitation and moment boundary conditions using control voltages
applieduniformly to thepiezoelectric patch actuator. The equation of themotion of the plate shown in Fig. 1 canbe expressed
as follows [4];

µWTT + D∇
4W = F(X, Y , T )+ V̄ (T )∇2

△[H(X, Y )] (1)

where W (X, Y , T ) is the transversal displacement at (X, Y , T ) ∈ Q̌ = {(X, Y , T ) : (X, Y ) ∈ Š, T ∈ (0, Tf )}, Š = (0, ℓ) ×

(0, ℓ) is an open bounded set with sufficiently smooth boundary ∂ Š, Tf is the terminal time, µ > 0 is the mass-per-unit
area, F(X, Y , T ) = F1(T )F2(X, Y ) is the forcing function with F2(X, Y ) indicating the distribution of the force over the plate,
V̄ (T ) is control voltage applied to the piezoelectric patch actuator, D > 0 is the flexural stiffness of the plate and

∇
2

=
∂2

∂X2
+

∂2

∂Y 2
.

In Eq. (1), the Heaviside function H(X, Y ) indicates the location of the patch actuator and is given by
△[H(X, Y )] = [H(X − X1)− H(X − X2)] × [H(Y − Y1)− H(Y − Y2)]

in which (X1, Y1) and (X2, Y2) are location of piezoelectric actuator. Eq. (1) is subject to the following boundary conditions
W (0, Y , T ) = W (ℓ, Y , T ) = W (X, 0, T ) = W (X, ℓ, T ) = 0, (2)
WXX (0, Y , T ) = G1(Y , T ), WXX (ℓ, Y , T ) = G1(Y , T ), (3)
WYY (X, 0, T ) = H1(X, T ), WYY (X, ℓ, T ) = H2(X, T ) (4)

in which G1(Y , T ) and Hi(X, T ) (i = 1, 2) are defined as the moment of the friction force along the edges of the plate, and
the initial conditions

W (X, Y , 0) = W0(X, Y ), WT (X, Y , 0) = W1(X, Y ). (5)

Let L2(Q̌ ) denote the Hilbert space of real-valued square-integrable functions on the domain Q̌ in the Lebesgue sense with
usual inner product and norm defined by

⟨ρ, ϱ⟩Q̌ =


Q̌
ρ(x, y, t)ϱ(x, y, t)dQ̌ , ∥ρ∥

2
= ⟨ρ, ρ⟩,

respectively. Following conditions are imposed on the solution:

∂2W
∂T 2

,
∂nW
∂Xn

,
∂nW
∂Y n

,
∂nW
∂X i∂Y j

∈ L2(Q̌ ), i, j = 0, 1, 2, n = 0, 1, . . . , 4, (6a)

W0(X, Y ) ∈ H1
0 (Š), W1(X, Y ) ∈ L2(Š), V̄ (T ) ∈ Uad, (6b)

Ūad = {V̄ (T ) | V̄ (T ) ∈ L2(0, Tf ), |V̄ (T )| ≤ M0 < ∞}, (6c)

F(X, Y , T ), G1(Y , T ) and Hi(X, T ) ∈ L2(Q̌ ) (i = 1, 2). (6d)
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