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a Department of Mathematics, College of Science, Viêt Nam National University, Hà Nôi, Viet Nam
b Department of Mathematics, National University of Singapore, Block S17 (SOC1), 10 Lower Kent Ridge Road, Singapore 119076, Singapore

a r t i c l e i n f o

Article history:
Received 5 May 2009
Received in revised form 17 February 2010
Accepted 17 February 2010

Keywords:
Inequality
Error
Integral
Taylor
Ostrowski
New estimations
Numerical integration

a b s t r a c t

In this present paper, by considering some known inequalities of Ostrowski-like type, we
propose a new way to treat a class of Ostrowski-like type inequalities involving n points
andm-th derivative. To be precise, the following inequality∣∣∣∣∣ 1

b− a

∫ b

a
f (x) dx−

b− a
n

n∑
i=1

f (a+ xi (b− a))

∣∣∣∣∣ 5 2m+ 54 (b− a)m+1

(m+ 1)!
(S − s)

(?)

holds, where S := supa5x5b f (m)(x), s := infa5x5b f (m)(x) and for suitable x1, x2, . . . , xn. It is
worth noticing that n,m are arbitrary numbers. This means that the estimate in (?) is more
accurate whenm is large enough. Our approach is also elementary.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, a number of authors have considered error inequalities for some known and some new quadrature
formulas. Sometimes they have considered generalizations of these formulas, see [1–5] and their references therein where
the midpoint and trapezoid quadrature rules are considered.
In [6, Corollary 3] the following Simpson–Grüss type inequalities have been proved. If f : [a, b] → R is such that f (n−1)

is an absolutely continuous function and

γn 5 f (n)(t) 5 Γn, (a.e.) on [a, b]

for some real constants γn and Γn, then for n = 1, 2, 3, we have∣∣∣∣∫ b

a
f (t) dt −

b− a
6

(
f (a)+ 4f

(
a+ b
2

)
+ f (b)

)∣∣∣∣ 5 Cn (Γn − γn) (b− a)n+1 , (1)

where

C1 =
5
72
, C2 =

1
162

, C3 =
1
1152

.
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In [2, Theorem 3], the following results obtained: Let I ⊂ R be an open interval such that [a, b] ⊂ I and let f : I → R be
a twice differentiable function such that f ′′ is bounded and integrable. Then we have∣∣∣∣∫ b

a
f (x) dx−

b− a
2

(
f
(
a+ b
2
−

(
2−
√
3
)
(b− a)

)
+ f

(
a+ b
2
+

(
2−
√
3
)
(b− a)

))∣∣∣∣
5
7− 4

√
3

8

∥∥f ′′∥∥
∞
(b− a)3 . (2)

In the above mentioned results, constants Cn in (1) and 7−4
√
3

8 in (2) are sharp in the sense that these cannot be replaced
by smaller ones. We may think the estimate in (1) involves the following six points xi, i = 1, 6 which will be called knots in
the sequel

a+ 0︸︷︷︸
x1

× (b− a) < a+
1
2︸︷︷︸
x2

(b− a) = · · · = a+
1
2︸︷︷︸
x5

(b− a) < a+ 1︸︷︷︸
x6

× (b− a) .

While in (2), we have two knots x1 < x2 as following

a+
(
1
2
−

(
2−
√
3
))

︸ ︷︷ ︸
x1

× (b− a) < a+
(
1
2
+

(
2−
√
3
))

︸ ︷︷ ︸
x2

(b− a) .

On the other hand, as can be seen in both (1) and (2) the number of knots in the left hand side reflects the exponent of
b − a in the right hand side. This leads us to strengthen (1)–(2) by enlarging the number of knots (six knots in (1) and two
knots in (2)).
Before stating our main result, let us introduce the following notation

I (f ) =
∫ b

a
f (x) dx.

Let 1 5 m, n <∞. For each i = 1, n, we assume 0 < xi < 1 such that

x1 + x2 + · · · + xn =
n
2
,

· · ·

xj1 + x
j
2 + · · · + x

j
n =

n
j+ 1

,

· · ·

xm−11 + xm−12 + · · · + xm−1n =
n
m
,

xm1 + x
m
2 + · · · + x

m
n =

n
m+ 1

.

Put

Q (f , n,m, x1, . . . , xn) =
b− a
n

n∑
i=1

f (a+ xi (b− a)) .

Remark 1. With the above notations, (1) reads as follows∣∣∣∣I (f )− Q (f , 6,m, 0, 12 , 12 , 12 , 12 , 1
)∣∣∣∣ 5 Cm (Γm − γm) (b− a)m+1 , m = 1, 3, (3)

while (2) reads as follows∣∣∣∣I (f )− Q (f , 2, 2, 12 − (2−√3) , 12 + (2−√3)
)∣∣∣∣ 5 7− 4

√
3

8

∥∥f ′′∥∥
∞
(b− a)3 . (4)

We are now in a position to state our main result.

Theorem 2. Let I ⊂ R be an open interval such that [a, b] ⊂ I and let f : I → R be a m-th differentiable function. Then we
have

|I(f )− Q (f , n,m, x1, . . . , xn)| 5
2m+ 5
4

(b− a)m+1

(m+ 1)!
(S − s) (5)

where S := supa5x5b f (m)(x) and s := infa5x5b f (m)(x).
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