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a b s t r a c t

The Fourier solution of the wave equation for a circular vibrating membrane is generalized
to a star-like-shaped structure. We show that the classical solution can be used in this
more general case, provided that a suitable change of variables in the spherical co-ordinate
system is performed.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Many applications of mathematical physics and electromagnetics are connected with the Laplacian:

• The wave equation vtt = a2 ∆v;
• The heat propagation vt = κ ∆v;
• The Laplace equation ∆v = 0;
• The Helmholtz equation ∆v + k2v = 0;
• The Poisson equation ∆v = f ;
• The Schrödinger equation −

h2
2m ∆ψ + Vψ = Eψ .

However, most of the boundary-value problems (BVPs) relevant to the Laplacian can be solved in explicit form only in
domains with very special shapes or symmetries, namely intervals, cylinders or spheres [1].
The solution in more general domains can be obtained by using the Riemann theorem on conformal mappings, and the

relevant invariance of the Laplacian [2]. However, explicit conformal mappings are known only for particular domains.
Different techniques have been proposed for solving the general problem, both from a theoretical and a numerical

point of view (see e.g. [3], representing the solution by using boundary layer techniques; [4], comparing several numerical
methods; [5], solving by iterative methods the corresponding boundary integral equation; [6], approximating the relevant
Green function by the least squares method; [7], considering the system of linear equations arising from an unusual
finite-difference approximation; [8], solving linear systems relevant to elliptic partial differential equations by relaxation
methods). Anyway, none of the contributions already available in the scientific literature deals with our approach, which
makes use of simple tools, tracing back to the original Fourier method.
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We consider in this article an extension of the classical theory for the wave equation to the case of a star-like domain,
i.e. a domainD , which is normal with respect to a suitable spherical co-ordinate system, so that ∂D can be interpreted as
an anisotropically stretched unit circle. In particular, the boundary of the domains we have considered in all our applications
are defined by using the so called ‘‘superformula’’ due to Gielis [9].
We show how to modify some classical formulas, and we derive methods to compute the coefficients of Fourier-type

expansions representing solutions of the classical wave equation in complex domains. We have considered only regular
functions for the boundary, and the initial data, but the relevant results can be easily generalized considering weakened
hypotheses.

2. The Laplacian in stretched polar co-ordinates

We introduce in the x, y plane the usual polar co-ordinate system:

x = ρ cosϑ, y = ρ sinϑ, (2.1)

and the polar equation of ∂D

ρ = R (ϑ) , (0 ≤ ϑ ≤ 2π), (2.2)

where R (ϑ) is a piecewise C2 function in [0, 2π ]. We suppose the domain D satisfies

0 < A ≤ ρ ≤ R (ϑ) , (2.3)

and therefore minϑ∈[0,2π ] R (ϑ) > 0.
We introduce the stretched radius %∗ such that

ρ = %∗R (ϑ) , (2.4)

and the curvilinear (i.e. stretched) co-ordinates %∗, ϑ in the x, y plane

x = %∗R (ϑ) cosϑ, y = %∗R (ϑ) sinϑ . (2.5)

Therefore,D is obtained assuming 0 ≤ ϑ ≤ 2π , 0 ≤ %∗ ≤ 1.

Remark 1. Note that, in the stretched co-ordinate system the original domainD is transformed into the unit circle, so that
in this systemwe can use for the transformed Laplace equation all the classical techniques, including separation of variables.

We consider a C2
(
D̊
)
× C1

(
R+
)
function v (x, y, t) = v (ρ cosϑ, ρ sinϑ, t) = u (ρ, ϑ, t) and the Laplace operator in

polar co-ordinates

∆2u =
∂2u
∂ρ2
+
1
ρ

∂u
∂ρ
+
1
ρ2

∂2u
∂ϑ2

. (2.6)

We start representing this operator in the new stretched co-ordinate system %∗, ϑ . Setting

U
(
%∗, ϑ, t

)
= u

(
%∗R (ϑ) , ϑ, t

)
, (2.7)

we find (denoting for shortness R (ϑ) := R)

∂u
∂ρ
=
1
R
∂U
∂%∗

, (2.8)

∂2u
∂ρ2
=
1
R2
∂2U
∂%∗2

, (2.9)

∂u
∂ϑ
= −%∗

R′

R
∂U
∂%∗
+
∂U
∂ϑ
, (2.10)

∂2u
∂ϑ2
= %∗

2R′2 − RR′′

R2
∂U
∂%∗
+ %∗

2 R′2

R2
∂2U
∂%∗2

− 2%∗
R′

R
∂2U
∂%∗∂ϑ

+
∂2U
∂ϑ2

. (2.11)

Substituting we find our result, i.e.

∆2u =
∂2u
∂ρ2
+
1
ρ

∂u
∂ρ
+
1
ρ2

∂2u
∂ϑ2

=
1
R2

(
1+

R′2

R2

)
∂2U
∂%∗2

+
1
%∗R2

(
1+

2R′2 − RR′′

R2

)
∂U
∂%∗
−
2R′

%∗R3
∂2U
∂%∗∂ϑ

+
1

%∗2R2
∂2U
∂ϑ2

. (2.12)

For %∗ = ρ, R (ϑ) ≡ 1, we recover the Laplacian in polar co-ordinates.
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