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Contraction mapping

1. Introduction and preliminaries

Recently, there has been increasing interest in the study of qualitative analysis of various second order difference
equations, for example, see [1-12] and the references cited there.

Tang [9] discussed the existence of a bounded nonoscillatory solution for the second order linear delay difference
equations

A’Xy = PpXn, N >0, (1.1)
o0

A% = piMxny, n=0. (12)
i=1

Zhang and Li [12] obtained some oscillation criteria for the second order advanced functional difference equation
A(anAxy) + PnXgmy = 0. (1.3)

Thandapani et al. [ 10] considered necessary and sufficient conditions for the asymptotic behavior of nonoscillatory solutions
of the difference equation

A(aqAxp) = QnXny1, N =0, (1.4)

and discussed a few sufficient conditions for the asymptotic behavior of certain types of nonoscillatory solutions of the
second order difference equation

A(anAxy) = qnf Xny1), n = 0. (1.5)
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Li and Zhu [6] established the asymptotic behavior of the second order nonlinear difference equation

A(rn—1A%—1) + qn(AX)? — pax = e,, n>0. (1.6)

Chengetal. [2] and Zhang [ 11] discussed the asymptotic behaviors of solutions and nonoscillatory solutions for some special
cases of Eq. (1.6), respectively. Recently, Jinfa [3] utilized the contraction principle to study the existence of a nonoscillatory
solution for the second order neutral delay difference equation with positive and negative coefficients

A? (Xn + PXn—m) + PnXn—k — quXn—1 =0, n>ng (1.7)

under the condition p # —1. Migda and Migda [8] gave the asymptotic behavior of the second order neutral difference
equation

A? (%n +DpXng) + (1, %) =0, n>1 (1.8)

Very recently, Meng and Yan [7] investigated the sufficient and necessary conditions of the existence of the bounded
nonoscillatory solutions for the second order nonlinear neutral delay difference equation

m

A% (% = PXnt) = ) Qfilxnop), 1= Mo (19)

i=1

However, to the best of our knowledge, neither did anyone investigate the global existence of nonoscillatory solutions for
Egs. (1.7)-(1.9) with respect to all p € R, nor did they discuss the existence of uncountably many bounded nonoscillatory
solutions for Egs. (1.1)-(1.9) and any other second order difference equations.

Motivated by the papers mentioned above, in this paper we investigate the following more general second order
nonlinear neutral delay difference equation

A (anA(Xn + bxn—r)) +f(n’ Xn—dqp> Xn—dyps + - + Xn—dkn) =Cp, N =Ny, (110)

whereb € R, 7, k € N,ng € N, {an}neNn0 and {cn}neNn0 are real sequences witha, > Oforn € Ny, U;;l{dl“}neNno C Z,and

f Ny, x R¥ — R is a mapping. Using the contraction principle, we establish some global existence results of uncountably
many bounded nonoscillatory solutions for Eq. (1.10) relative to all b € R. Our results sharp and improve Theorem 1 in [3].
To illustrate our results, seven examples are also included.

On the other hand, using similar arguments and techniques, the results presented in this paper could be extended to
second order nonlinear neutral delay differential equations. Of course, we shall continue to study these possible extensions
in the future.

Throughout this paper, we assume that A is the forward difference operator defined by Ax, = X,41 — Xp, A%, =
A(Axy), R = (=00, +00), RT = [0, +00), Z and N stand for the sets of all integers and positive integers, respectively,

N,={n:neNwithn>a}, Z,={n:neZwithn>a}, ac2,
a=inf{ln—dy:1 <1<k neNy}, B=min{n —r,a}
lim(n—dy) =+o00, 1=<I<k,

n—oo

15> denotes the Banach space of all bounded sequences on Zg with norm

Il = sup bl forx = {alncs, € IF
nezg

and
AN, M) = {x = {Xn}nezy €17 N <X, <M, neZ} forM>N>0.

It is easy to see that A(N, M) is a bounded closed and convex subset oflgo.

By a solution of Eq. (1.10), we mean a sequence {xn}nezﬁ with a positive integer T > ng 4+ t + |«| such that Eq. (1.10) is
satisfied for all n > T. As is customary, a solution of Eq. (1.10) is said to be oscillatory if it is neither eventually positive nor
eventually negative. Otherwise, it is said to be nonoscillatory.

2. Existence of uncountable bounded nonoscillatory solutions

Now we investigate the existence of uncountable bounded nonoscillatory solutions for Eq. (1.10).
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