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Abstract

In this paper, we study the single-machine makespan scheduling problem with start-time dependent processing time. The
objectives are to minimize the makespan and to minimize the sum of the kth powers of completion times. We prove that several
cases are polynomially solvable under some restrictions of the parameters. In addition, these cases still remain polynomially
solvable when the restriction of a certain parameter is relaxed from a positive integer to a real number.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In classical scheduling problems, processing times of jobs are assumed to be constant. However, there are many
situations where the processing time depends on the starting time of the job. For example, deterioration in processing
time may occur when the machine gradually loses efficiency in the course of processing jobs. In the beginning, the
machine is assumed to be at its highest level of efficiency. The efficiency loss is reflected in the fact that a job processed
later has a longer processing time.

According to the notion mentioned above, many scheduling problems with linear, piecewise linear or nonlinear
time-dependent processing times are studied in the literature (see Alidaece and Womer [1]). There are many interesting
efficient ordering policies provided for some scheduling problems with linear or piecewise linear processing times.
However, there are less efficient rules available for those with nonlinear processing times. Only a few heuristic
algorithms were proposed. For example, Gupta and Gupta [2] studied the single-machine makespan scheduling
problem with nonlinear processing times. In this study, the complexity of the problem was conjectured to be NP-hard.
Thus, Gupta and Gupta [2] proposed two heuristic algorithms to solve the problem. Further, Alidaee [3] proposed a
more efficient heuristic algorithm to solve this problem when the polynomial function is differentiable.

In this paper, we focus on the scheduling problem studied by Gupta and Gupta. In their study, the actual processing
time (p;) of jobi (i = 1,2, ..., n)is a polynomial function of its starting time (#;) and it can be expressed as follows:

pl=a10+a11t1+a12t,2+"‘+azmtlm fori=192""7n7 (1)
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where a;o, ai1, - . ., ai, are positive constants and m is a positive integer. We show that some special cases of this
problem have polynomial time solutions. Furthermore, these cases still remain polynomially solvable when the
restriction of m is relaxed from a positive integer to a real number.

2. Problem description

Assume that a set of n jobs is available to be processed on a single machine at time zero. Neither job splitting
nor machine idleness is allowed. The processing time of each job depends on its starting time in the sequence and is
defined as Eq. (1). The objectives are to minimize the makespan and the sum of the kth powers of completion times
of all jobs, respectively. Therefore, using the three-field notation introduced by Graham et al. [4], the corresponding
problems are respectively denoted by 1/p; = ajo + Yy aikt;* /Cmax and 1/p; = ajo + Y j aixt;*/ Y. C lk , where
7y 1s a real number.

2.1. The makespan minimization

In this section, we study the 1/p; = ajo + Y aikl;*/Cmax problem, where ajx = Ax and ajx = Araio
respectively. First, an elementary lemma is provided.

Lemmal. Q) A(l—(1+1)) -0 —=-04+A0)*)>0ifr>1,t>0anda <0.
A1 -04+D)) -0 =-04+r2)) <0ifr>1,t1>0and0 <a < 1.
QA=A+ -0 -A4+r)% >0 r>1,t>0anda > 1.

Proof. (a) See the proof of Lemma 2 in Kuo and Yang [5,6].
(b) Similar to the proof of (a).
(c) Similar to the proof of (a). [J

Proposition 1. If aj1 = A1, ai2 = Ao, ..., Gim = A foralli =1,2,...,nandr; € [0,00) foralli =1,2,...,m,
then for the scheduling problem 1/p; = ajo + >y, Aktir" / Cmax, there exists an optimal schedule in which the job
sequence is in non-decreasing order of ajo.

Proof. Let Sy = (71, Ji, Jj, Ji, m2) denote a sequence with job J; processed immediately before job J;. 71 and
m, are the partial sequences of S;. In addition, 1 or m» may be empty. We will show that it does not increase the
makespan to interchange J; and J; in S;. Thus, we deduce that Proposition 1 holds.

Let S, be the same sequence with J; and J; mutually exchanged. In addition, let C;(S;) denote the completion
time of J; in sequence S; and C;(S2) denote the completion time of J; in sequence S>. Without loss of generality, we
assume that Cj,(S1) = Cr(S»2) = ¢t. Thus, we have

m m m "
Ci(S1) = Cu(S1) + (ajo + Zkkt”‘) + (aio + ) M (t +ajo+ ZMJ”‘) )
1=1

k=1 k=1

and

m m m r
Cj($2) = Cu($2) + <ai0 + Z/\kt’k) + <ajo +Y M (t +aio + Z)»ktrk) ) :

k=1 =1 k=1
LetT =t + )y At > 0, then we have

m

Cj(S2) = Ci(S)) =Y i ((@o+T)" = (ajo+T)"). )
=1
Therefore, C;(S2) < C;(S1) if ajo < ajo. Thus, repeating this interchange argument for all jobs not sequenced
according to non-decreasing order of a;o completes the proof of Proposition 1. [

Proposition 2. If a;1 = A1, a2 = X2, ..., aim = Ay foralli =1,2,...,nandr; € (—oo,0] foralli =1,2,...,m,
then for the scheduling problem 1/p; = ajo + > _j—, )»ktir" / Cmax, there exists an optimal schedule in which the job
sequence is in non-increasing order of ajo.
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