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Abstract

In isotope geochemistry, the Rayleigh equation describes the evolution of isotope ratios in a parent compound as a func-
tion of reaction progress, and associated equations describe isotope ratios in an instantaneous product and an accumulated
product. The Rayleigh equation is commonly used for fitting fractionation factors of processes undergoing kinetic isotope
fractionation such as biochemical reactions. This work extends the equations associated with the Rayleigh equation for
describing the isotope ratios in intermediate products in a chain of reacting species degrading with first-order kinetics. A gen-
eral solution is presented for decay chains of any length, and explicit examples are presented for the biodegradation of a sub-
strate or a mixture of substrates through 3 intermediate products to a final product. Applications of these analytical solutions
for the fitting of enrichment factors for intermediate compounds in laboratory experiments are demonstrated with a spread-
sheet. This avoids separate experiments to measure each intermediate product. The utility of the equations for the assessment
of slopes in dual isotope plots is furthermore illustrated, and limitations of its use are critically discussed.
� 2013 Elsevier Ltd. All rights reserved.

1. INTRODUCTION

In 1981, Mariotti and co-workers measured stable nitro-
gen isotope ratios in substrates and products during the
biochemical conversion of nitrate to nitrous oxide by deni-
trifying bacteria and of ammonia to nitrite by nitrifying
bacteria. The authors presented a detailed derivation of
equations and approximations that can be used for the
mathematical description of isotope ratios in a degrading
substrate and a product formed from the substrate.
Mariotti and co-workers (1981) referred to Lord Rayleigh,
who derived similar equations for the case of fractional dis-
tillation of mixed liquid, and to Jacob Bigeleisen who stud-
ied the effect of isotopic substitution on the rate of chemical
reactions (Bigeleisen, 1952). Nevertheless, Mariotti et al.

(1981) is most often cited today in geochemistry when credit
is given to the Rayleigh equation applied for kinetic isotope
fractionation through transformation processes. The
approximation for the evolution of the reacting substrate
is used in every laboratory study that quantifies a fraction-
ation or enrichment factor from a series of measured stable
isotope data of common stable isotopes such as 13C, 2H,
15N, 18O or 34S. Recommendations for the best statistical
procedures for fitting of the Rayleigh equation have been
made (Scott et al., 2004). The Rayleigh equation has also
been extended to competing degradation pathways (Van
Breukelen, 2007). It has furthermore been pointed out that
for isotopes which are not rare in nature such as deuterium
when studying deuterated compounds, the approximations
are not valid, and the exact and somewhat extended Ray-
leigh equation must be used (Hunkeler et al., 2002b).

Although Mariotti and co-workers (1981) studied a
contaminant decay chain, namely the transformation of
nitrogen from NO3

� to NO2
� and to N2O and finally to

N2, their derivation did not treat the isotope evolution of
intermediate products. Other authors did calculate the
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isotope evolution of intermediate products, but did not pres-
ent analytical equations for that. Hunkeler and co-workers
(2002a) presented the evolutions of 12C in the decay chains
of cis- and trans-dichloroethene through vinyl chloride to
ethene studied in laboratory microcosms and described in
words how these equations could be written for 13C degra-
dation and how d13C could subsequently be determined.

However, they did not report how exactly the fitting of
isotope ratios was performed. Enrichment factors for the
degradation of the intermediate product were also obtained
by separate experiments with the intermediate product as
substrate (Hunkeler et al., 2002a). Parameter estimation
in contaminant decay chains with or without including iso-
tope data were attempted with numerical models: Morrill
et al. (2006) presented a numerical parameter estimation
model for enrichment factors in the decay chain of chloro-
ethenes in laboratory microcosms, which was based on the
Levenberg–Marquardt minimization technique. The model
is appropriate for any set of isotopically fractionating,
sequential, linear (non-branching) reactions during which
mass balance is maintained. Beranger et al. (2005) applied
such numerical estimation methods to data of chloroeth-
enes in laboratory columns with advective–dispersive trans-
port, but this needed even more sophisticated genetic
algorithms and sometimes more than 7000 iterations.

The elucidation of degradation processes in lab and field
studies is nowadays often based on the measurement of two
stable isotope ratios in the degrading contaminant (Zwank
et al., 2005; Rosell et al., 2007; Van Breukelen, 2007; Hof-
stetter et al., 2008; Elsner, 2010; Hunkeler et al., 2011; Ro-
sell et al., 2012). This two-dimensional isotope application
is also called dual isotope assessment. To predict slopes in
dual isotope plots, a forward calculation of the changes
of the isotope ratios in the two elements under consider-
ation is needed. This has been done with the Rayleigh equa-
tion for the substrate, but for intermediates, only numerical
model approaches were used (Hunkeler et al., 2009).

An analytical solution for concentrations in contaminant
decay chains with infinite members has been derived by Sun
et al. (1999a). This analytical solution has also been applied
to the decay chain of chloroethenes, and was then imple-
mented in a reactive transport model and is promoted by
the US EPA as the BIOCHLOR model (EPA, 2000). In a fur-
ther study, Sun et al. (1999b) presented how also decay chains
with reactions to several parallel daughter products can be
treated in analytical solutions. But, although analytical mod-
els are available for contaminant decay chains, there has been
so far to our knowledge no solution for the evolution of iso-
tope ratios in these contaminant decay chains. We are not
aware of any Rayleigh-type equation for decay chains.

The main objective of this work was therefore to derive
analytical equations for the isotope evolution of intermedi-
ate products and a final product in a sequential linear decay
chain of reacting species. These equations were validated
and their validity with respect to the governing assumptions
is discussed. The second objective was to create a simple
tool with analytical Rayleigh equations for fitting isotope
data of a decay chain in a spreadsheet. A further aim was
to show the application of these equations for constructing
dual isotope plots.

2. THEORETICAL DEVELOPMENT

For the description of a contaminant decay chain, we
will number the species in this study in the following way:

Substrate
C1

!k1
Intermediate Product1

C2

!k2
Intermediate Product2 . . .

C3

!kn
:Final Product

Cn;fin

The conversion of each species is complete (1:1 stoichi-
ometry) and follows first-order kinetics. The final product
does not undergo any further transformation.

2.1. Historical background

Let us recall first the classical Rayleigh equation and its
associated equations, using our numbering for substrate
and final product. The evolution of the isotope ratio in
the substrate, R1 is a function of the fraction remaining f1

and the fractionation factor a1 for the transformation of
substrate to product, and is given by the classical Rayleigh
Eq. (1).

R1 � R1;0f ða1�1Þ
1 ð1Þ

R1 is the ratio of the concentration of heavy isotopes HCi

divided by the concentration of light isotopes LCi in the
substrate. R1,0 is the initial isotope ratio in the substrate ob-
tained from the measured initial isotopic ratio of the com-
pound which is usually given in the delta notation (here
d13C) and relates to R1,0 via Eq. (2)

Ri;0 ¼ Rstandard
d13Ci;0

1000
þ 1

� �
ð2Þ

with Rstandard is HC/LC in the international standard
(0.011237 for 13C (Coplen et al., 2006)).

In the delta notation, and using the enrichment factor
e = 1000 � (a � 1), a further approximation can be made
as explained in Mariotti et al. (1981), and Eq. (1) can be
written more simply as Eq. (3).

d13C1 � d13C1;0 þ e1 lnðf1Þ ð3Þ

Eqs. (1) and (3) are only approximations, but they are
sufficiently accurate for isotope pairs with one isotope being
much rarer than the other (this is the case for 13C, 2H, 15N,
18O or 34S). A priori, the simplified relations hold for |e| val-
ues < 20& and for d13C values not too different from zero
(Mariotti et al., 1981).

The accumulation of the final product in a simple 2-
member substrate-product chain is noted as (Eq. (4),
Mariotti et al., 1981).

d13C2;fin � d13C1;0 � e1

f1 ln f1

1� f1

ð4Þ

2.2. Degradation chains

For degradation chains with intermediate products
which undergo first-order kinetic degradation with 1:1 stoi-
chiometric yields in batch, we derive hereafter a new general
Rayleigh equation, starting from the analytical solution for
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