
Computers and Mathematics with Applications 68 (2014) 2222–2232

Contents lists available at ScienceDirect

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

A hybridized finite element method for the Stokes problem
Y. Jeon a,∗, E.-J. Park b, D. Sheen c

a Department of Mathematics, Ajou University, Suwon 443-749, Republic of Korea
b Department of Computational Science and Engineering, Yonsei University, Seoul 120-749, Republic of Korea
c Department of Mathematics, Seoul National University, Seoul, Republic of Korea

a r t i c l e i n f o

Article history:
Available online 15 September 2014

Keywords:
Stokes equations
Hybridization
Discontinuous Galerkin

a b s t r a c t

A locally conservative hybridized finite element method for Stokes equations is presented
and analyzed. The hybridized approach reduces a lot of degrees of freedom, especially for
pressure approximation. In our approach the pressure is determined locally up to a con-
stant, therefore, the global stiffness system contains only the average of pressure variable
on each cell as unknowns.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Let us consider the Stokes equations:

−1u + ∇p = f in Ω, (1.1a)
∇ · u = 0 in Ω, (1.1b)
u = 0 on Γ , (1.1c)
(p, 1)Ω = 0, (1.1d)

where the domain Ω is a simply connected, bounded, convex polygonal domain. The variables (u, p) represent the velocity
vector field and pressure of a flow, respectively, where the external force f ∈ [L2(Ω)]2 applies.

The hybridized finite element method has been successfully applied to elliptic equations, elasticity equations and Stokes
equations [1–4]. Advantages of the hybridized approach are that it has the degrees of freedom only on the skeleton of a
triangulation (natural static condensation property) and it satisfies local conservation properties. For elasticity problems a
mixed formulation can be used to avoid locking phenomena by introducing an artificial pressure. The hybridized formulation
induces a stiffness system only with the skeleton data of the primal variable as unknown. For flow problems such as Stokes
and Navier–Stokes equations reduction in the degrees of freedom is more phenomenal. In this case, the global unknown
becomes the skeleton data of the velocity profile and the cell average of the pressure since the pressure will be determined
up to constant during the local static condensation process.

The hybridized approach is composed of two steps. In Step 1, localize the problem on each cell and decompose the local
equation into two parts: The homogeneous equation which assumes the skeleton values of the solution on the each cell
boundary as the Dirichlet data; and the nonhomogeneous equation corresponding to the source f with the null Dirichlet
data on each cell boundary. In Step 2, set up the global stiffness system by using the normal traction continuity on intercell
interfaces. Hence, the unknowns are the assumed values of the solution on the skeleton of a triangulation and the average
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of pressure on each cell since the pressure can be determined up to a constant on each cell by the localization process. For
numerical solvers in Step 1 there can bemany different approaches; a LDG (local discontinuous Galerkin) type solver [5,4], a
penalty-type local solver [6] or a Baumann–Oden type local solver [1,2]. Step 1 can be understood as a process of constructing
PDE-adapted basis functions as shown in themultiscale finite element methods (MsFEM) [7]. However, our local solver is of
a spectral type in contrast to the fine scale finite element in theMsFEM. The local conservation in each cell will be guaranteed
by Step 1 and the weak continuity of total traction on each cell interface is provided by Step 2. Therefore, the characteristic
of the hybridized approach is very similar to that of the finite volume type methods.

In this paper we consider a hybridized numerical scheme based on the Baumann–Oden type local solver. As in the theory
of finite element methods our method is not stable for the P1–P0 and Q1–Q0 pairs [8,9]. Hence, our analysis covers the case
for Qk–Qk−1 with k ≥ 2. A notable feature of our approach is that it suffices to show the inf–sup condition for Qk–Q0 pair for
complete stability and error analysis, which can be easily proved. It is worth mentioning that those analysis for rectangular
elements can be easily extended to cover the triangular case.

The aim of our approach is primarily to design a numerical method that satisfy the local flux conservation without
introducing any dual partition or dual variable as in the finite volumemethod or themixedmethod, respectively. The natural
static condensation property embedded is an additional advantage of our approach.

The paper is organized as follows. In Section 2 we introduce function spaces and the hybridization technique. The finite
element approach based on the Baumann–Oden local solver is introduced in Section 3. In addition some norm equivalence
between the skeleton function space and solution space is discussed. Section 4 is devoted for numerical analysis. In it we
introduce an interpolation and a local solution projection with a conservation property, which will play essential roles for
the proof of the main theorem. In the last section we provide a comparison of computational costs between the hybridized
method and the classical finite element method. We discuss the Uzawa algorithm for the pressure update and extension of
our analysis to the case of triangular elements.

2. Hybridization

Let (Th)0<h≤1 be a family of shape regular, quasi uniform triangular or rectangular subdivision of Ω with
maxT∈Th diam(T ) = h. Denote by Eh the set of all edges in Th and by Kh the skeleton ∪e∈Eh e of triangulation Th.

For a set D ⊂ R2 (D = T or D = Ω is possible), Hs(D) denotes the usual Sobolev space with s ≥ 0, of which norms and
seminorms are denoted by ∥ · ∥s,D and | · |s,D, respectively. The broken Sobolev space Hs(Th) = ΠT∈ThH

s(T ) is equipped
with the norm, ∥u∥s,h := (


T∈Th

∥u∥2
s,T )

1/2. Let Hs(Th) = ΠT∈Th
Hs(T ) with Hs(T ) = {v ∈ Hs(T )|


T vdx = 0}. The

space Hs
0(Th) denotes the subspace {v ∈ Hs(Th) : v vanishes on ∂T ∩ ∂(Ω)}for s ≥ 1/2. Denote by (·, ·)S and ⟨·, ·⟩∂S

the L2-inner products on S and ∂S, respectively. Our numerical analysis is mostly based on the discrete inner product
(∇hu, ∇hv)Ω :=


T∈Th

(∇u, ∇u)T .
We now introduce some function spaces on the skeleton Kh:

H1/2(Kh) = {u|Kh : u ∈ H1(Ω)}; H1/2
0 (Kh) = {u|Kh : u ∈ H1

0 (Ω)},

with norm

∥φ∥
2
1/2,Kh =


T∈Th

∥φ∥
2
1/2,∂T , (2.1)

where the trace norm is given as ∥φ∥
2
1/2,∂T = infu∈H1(T ),u|∂T=φ ∥u∥2

1,T .
For a pair of velocity field and pressure (u, p) denote the normal traction on the boundary of K by

Dν(u, p) =
∂u
∂ν

− pν, (2.2)

where ν denotes the unit outward normal. Then, with the introduction of an auxiliary trace variable φ ∈ [H1/2
0 (Kh)]

2 on the
skeleton Kh, the first step of hybridization [8] is to decompose the problem (1.1) into the following localized coupled system:
for T ∈ Th

−1u + ∇p = f in T , (2.3a)
∇ · u = 0 in T , (2.3b)
u = φ on ∂T , (2.3c)

(p, 1)T = 0 (2.3d)

and the continuity of the traction across all the intercell boundaries and the divergence free condition:

[[Dν(u,p + p0) ]]Kh = 0 and


∂T
φ · νds = 0, (2.4)

where [[φ ]]Kh denotes the jump of φ across the skeleton Kh and p0 =
1
|T |


T pdx.
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