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a b s t r a c t

The Zakharov–Kuznetsov (ZK) equation is an isotropic nonlinear evolution equation, first
derived for weakly nonlinear ion-acoustic waves in a strongly magnetized lossless plasma
in two dimensions. In the present study, by applying the extended direct algebraicmethod,
we found the electric field potential, electric field and magnetic field in the form of travel-
ing wave solutions for the two-dimensional ZK equation. The solutions for the ZK equation
are obtained precisely and the efficiency of the method can be demonstrated. The stability
of these solutions and the movement role of the waves are analyzed by making graphs of
the exact solutions.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

The Zakharov–Kuznetsov (ZK) equation is a very attractive model equation for the study of vortices in geophysical flows.
The ZK equation appears in many areas of physics, applied mathematics and engineering. In particular, it shows up in the
area of Plasma Physics [1–3]. The ZK equation governs the behavior of weakly nonlinear ion-acoustic waves in a plasma
comprised of cold ions and hot isothermal electrons in the presence of a uniform magnetic field [3–6].

The ZK equation [7] is one of two well-studied canonical two-dimensional extensions of the Korteweg–de Vries equa-
tion [8]. In contrast to the Kadomtsev–Petviashvilli (KP) equation, the ZK equation has so far never been derived in a geo-
physical fluid dynamics context. For a derivation of the KP equation for internal waves, see [9].

Travelingwave analysis is given in [10] for the ZK equation. Soliton solutions are derived using the improvedmodified ex-
tended tanh-functionmethod [10]. One-dimensional soliton, apparently inelastic [11], periodic solutions [12] andN-soliton
solutions [13] have been obtained. The auxiliary equationmethod and the direct Hirota bilinear method were applied to the
quantum ZK equation in [14–18].

This paper is organized as follows. In Section 2, the problem formulations to derive the nonlinear two-dimensional ZK
equation are presented. In Section 3, the conservation laws for the ZK equation of weakly nonlinear ion-acoustic waves in a
plasma are found. In Section 4, the Hamiltonian system for the momentum and the sufficient condition for soliton solution
stability are given. In Section 5, the electric field potential, electric field and magnetic field in the form of traveling wave
solutions of the ZK equation are obtained and analyzed. Finally the paper ends with a conclusion in Section 6.

2. Problem formulations

Consider a low-β plasma in a magnetic field B = Ben, with Te ≫ Ti, where T is the temperature and the subscripts i and
e denote ions and electrons respectively. The ion motions are governed by

∂n
∂t

+ ∇ · (nv) = 0, (1)
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∂v

∂t
+ (v · ∇)v = −

e
mi

∇φ + v ∧ Ωi, (2)

∇
2φ = −4πe(n − ne), (3)

ne = no exp

eφ
kT


, (4)

where n is the number density of ions, v is their velocity, mi is the mass of an ion, φ is the electric field potential, and
Ωi =

eB
mic

. Let us non-dimensionalize the various quantities as follows:

n′
=

n
n0

, n′

e =
ne

n0
, v′

=
v
√
mi

√
kTe

, φ′
=

φe
kTe

,

x′
=

x
ρ

, z ′
=

z
L
, t ′ =

t
√
mi

L
√
kTe

, ρ =

√
kTe

Ωi
√
mi

, (5)

where L is the scale length of the waves. The independent variables are

ζ =
√

ϵ(z − t), η =
√

ϵx, τ = ϵ
3
2 t, (6)

where ϵ is the small parameter characterizing the typical amplitude of the waves, and using the reduction perturbation
method, from Eqs. (1)–(4) the ZK equation can be derived as

∂φ

∂τ
+ µφ

∂φ

∂ζ
+

1
2

∂3φ

∂ζ 3
+

1
2
(1 + δ)

∂3φ

∂η2∂ζ
= 0, (7)

where δ =
λ2D
ρ2 , λ2

D =
kTe

4πn0e2
. Consider the traveling wave solutions as

φ(ζ , η, τ ) = φ(ξ), and ξ = kζ + ℓη + ωτ, (8)

where k, ℓ and ω are wave numbers and frequency. Then Eq. (7) becomes

ωφ′
+ kφφ′

+
1
2
k3φ(3)

+
1
2
kℓ2(1 + δ)φ(3)

= 0. (9)

3. Conservation laws

The ZK equation possesses some polynomial conservation laws, which can be cast into the following conservation forms:

φτ +
1
2


φ2

+ φζ ζ + (1 + δ)φηη


ζ

= 0, (10)
1
2
φ2


τ

+
1
12


4φ3

+ 6φφζ ζ − 3φ2
ζ + 6(1 + δ)φφηη + 3(1 + δ)φ2

η


ζ

−
1
2
(1 + δ)


φζ φη


η

= 0. (11)

Thus, if the electric field potential vanishes sufficiently rapidly at the ends of some intervals, it is easy to show that three
integrals of motion (conserved quantities) exist for Eq. (7):

I1[φ] =


φ dζdη, (12)

I2[φ] =
1
2


|φ|

2 dζdη, (13)

I3[φ] =
1
2

 
2φ3

+

∂φ

∂ζ

2 + (1 + δ)

∂φ

∂η

2

dζdη. (14)

These integrals of motion were also found by Infeld [11] using a variational formulation, and can provide rigorous informa-
tion about the outcome of collisions of ZK solitary waves.

4. Stability analysis

Eq. (7) is a Hamiltonian system for which the momentum is given by

M =
1
2


∞

−∞

φ2dξ (15)
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