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a b s t r a c t

This paper considers the existence and uniqueness of the global smooth solution for the
initial value problem of generalized Zakharov equations in dimension two. By means of a
priori integral estimates, Galerkin method and compactness theory, one has the existence
and uniqueness for small initial data.
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1. Introduction

The Zakharov equations, derived by Zakharov in 1972 [1], describe the propagation of Langmuir waves in an
unmagnetized plasma. The usual Zakharov system defined in space time Rd+1 is given by

iEt +1E = nE,

ntt −1n = ∆|E|
2,

where E : Rd+1
→ Cd is the slowly varying amplitude of the high-frequency electric field, and n : Rd+1

→ R denotes the
fluctuation of the ion-density from its equilibrium.

This system attracted many scientists’ wide interest and attention [2–12]. In [7], Larkin and Tronco formulate on a half-
strip an initial boundary value problem for the Zakharov–Kuznetsov equation. Existence and uniqueness of a regular solution
as well as the exponential decay rate of small solutions as t → ∞ are proven. In [8], the Exp-function method is employed
to the Zakharov–Kuznetsov equation as a (2 + 1)-dimensional model for nonlinear Rossby waves. In [9], Ismail Aslan deals
with the negative order KdV equation and the generalized Zakharov system and derives some further results using the so-
called first integral method. By means of the established first integrals, some exact traveling wave solutions are obtained
in a concise manner. In [11], Dem zo, Jahrestag der DDR gewidmet studied the following generalized Zakharov system, and
established the global existence for Cauchy problem.

iεt + εxx + (α − n)ε = 0,

vt +


1
2
v2 − βvx + n + |ε|2


x
= 0,

nt + vx = 0.
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In this paper, we are interested in studying the following generalized Zakharov system in dimension two.

iεt +1ε − nε = 0, (1)

vt +

2
i=1

∂

∂xi
gradϕ(v)−1v + ∇(n + |ε|2) = 0, (2)

nt + ∇ · v = 0, (3)

with initial data

ε|t=0 = ε0(x), v|t=0 = v0(x), n|t=0 = n0(x), (4)

where ε(x, t) = (ε1(x, t), ε2(x, t), . . . , εN(x, t)) is an N-dimensional complex valued unknown functional vector, v(x, t) =

(v1(x, t), v2(x, t)) is an 2-dimensional real-valued unknown functional vector, n(x, t) is a real-valued unknown function,
ϕ(s) is a real function, x ∈ R2.

The obtained results may be useful for better understanding the nonlinear coupling between the quantum ion-acoustic
waves and the quantum Langmuir waves in two-dimension space. Now we state the main results of the paper.

Theorem 1. Suppose that

(1) ε0(x) ∈ H l+2(R2), v0(x) ∈ H l+1(R2), n0(x) ∈ H l+1(R2), l ≥ 4.
(2) ∥ε0(x)∥2

L2 < σ∥ψ(x)∥2
L2 , where 0 < σ < 1, ψ(x) is a solution of the equation1ψ − ψ + ψ3

= 0.
(3) |H(0)| small enough, where

H(0) =
1
2
∥v0∥

2
L2 +

1
2
∥n0∥

2
L2 + ∥∇ε0∥

2
L2 +


R2

n0|ε0|
2dx,

(4) ϕ(v) ∈ C l+2, ϕ(0) = 0, and
∂αv ϕ(v) ≤ C(|v| + 1), |α| = 2, . . . , l + 2.

Then there exists a unique global smooth solution of the initial value problem (1)–(4),

ε(x, t) ∈ L∞(0, T ;H l+2) ∩ W 1,∞(0, T ;H l),

n(x, t) ∈ L∞(0, T ;H l+1) ∩ W 1,∞(0, T ;H l),

v(x, t) ∈ L∞(0, T ;H l+1) ∩ L2(0, T ;H l+2) ∩ W 1,∞(0, T ;H l−1).

For the sake of convenience of the following contexts, we set some notations. For 1 ≤ q ≤ ∞, we denote Lq(Rd) the
space of all q times integrable functions in Rd equipped with norm ∥ · ∥Lq(Rd) or simply ∥ · ∥Lq and Hs,p(Rd) the Sobolev space
with norm ∥ · ∥Hs,p(Rd). If p = 2, we write Hs(Rd) instead of Hs,2(Rd). Let (f , g) =


Rn f (x) · g(x)dx, where g(x) denotes the

complex conjugate function of g(x).
The paper is organized as follows: In Section 2, we make a priori estimates of the problem (1)–(4). In Section 3, first of

all, we obtain the existence and uniqueness of the global generalized solution of the problem (1)–(4) by Galerkin method.
Next, the existence and uniqueness of the global smooth solution of the problem are obtained.

2. A priori estimates

In this section, we will derive a priori estimates for the solution of the system (1)–(4).

Lemma 1. Suppose that ε0(x) ∈ L2(R2). Then for the solution of Problem (1)–(4) we have

∥ε(·, t)∥2
L2 = ∥ε0(x)∥2

L2 .

Proof. Taking the inner product of (1) and ε, it follows that

(iεt +1ε − nε, ε) = 0 (5)

since

Im(iεt , ε) =
1
2

d
dt

∥ε∥2
L2 , Im(1ε − nε, ε) = 0

hence from (5), we get

d
dt

∥ε(·, t)∥2
L2 = 0,

we thus get the lemma. �
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