
Computers and Mathematics with Applications 60 (2010) 2364–2372

Contents lists available at ScienceDirect

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

The existence of solutions for a fractional multi-point boundary value
problem✩

Zhanbing Bai ∗, Yinghan Zhang
College of Information Science and Engineering, Shandong University of Science and Technology, Qingdao 266510, PR China

a r t i c l e i n f o

Article history:
Received 8 January 2010
Received in revised form 10 August 2010
Accepted 11 August 2010

Keywords:
Fractional differential equation
Multi-point boundary value problem
At resonance
Coincidence degree

a b s t r a c t

A multi-point boundary value problem for a fractional ordinary differential equation is
considered in this paper. An existence result is obtained with the use of the coincidence
degree theory.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we study the multi-point boundary value problem

Dα
0+u(t) = f (t, u(t),Dα−1

0+ u(t),Dα−2
0+ u(t)), t ∈ (0, 1), (1.1)

I3−α
0+ u(0) = 0,Dα−1

0+ u(0) = Dα−1
0+ u(η), u(1) =

m−
i=1

αiu(ηi), (1.2)

where 2 < α ≤ 3, 0 < η ≤ 1, 0 < η1 < · · · < ηm < 1,m ≥ 2, and f : [0, 1] × R3
→ R satisfying the Carathéodory

conditions. Dα
0+ and Iα0+ are the standard Riemann–Liouville fractional derivative and fractional integral respectively, and

m−
i=1

αiη
α−1
i =

m−
i=1

αiη
α−2
i = 1. (1.3)

We assume, in addition, that

R =
1
α

ηα Γ (α)Γ (α − 1)
Γ (2α − 1)


1 −

m−
i=1

αiη
2α−2
i


−

1
α − 1

ηα−1 (Γ (α))2

Γ (2α)


1 −

m−
i=1

αiη
2α−1
i


≠ 0, (1.4)

where Γ is the Gamma function. Due to the condition (1.3) the fractional differential operator in (1.1) is not invertible.
The subject of fractional calculus has gained considerable popularity and importance due to its frequent appearance

in various fields such as physics, chemistry, and engineering. Many methods have been introduced for solving fractional
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differential equations, such as the popular Laplace transform method, the iteration method, the Fourier transform method
and the operational method. For details, see [1,2] and the references therein.

It should be noted that most of the papers and books on fractional calculus are devoted to the solvability of linear initial
value fractional differential equations in terms of special functions [1–3]. Recently, there have been somepapers dealingwith
the existence and multiplicity of solutions (or positive solutions) of nonlinear initial value fractional differential equations
by the use of techniques of nonlinear analysis (fixed point theorems, Leray–Schauder theory, etc.); see e.g. [4–6].

However, there are few papers that consider the boundary value problem at resonance for nonlinear ordinary differential
equations of fractional order. In [5], Bai investigated the nonlinear nonlocal problem

Dα
0+u(t) = f (t, u(t)), 0 < t < 1,

u(0) = 0, βu(η) = u(1),

where 1 < α ≤ 2, 0 < βηα−1 < 1. But there are few papers that consider the case βηα−1
= 1. In the recent paper [7], we

considered the existence of solutions of the fractional ordinary differential equation

Dα
0+u(t) = f (t, u(t),Dα−1

0+ u(t)) + e(t), 0 < t < 1,

subject to the following boundary value conditions:

I2−α
0+ u(0) = 0, u(1) = σu(η),

or

I2−α
0+ u(0) = 0, Dα−1

0+ u(1) = Dα−1
0+ u(η),

where 1 < α ≤ 2 is a real number,Dα
0+ and Iα0+ are the standard Riemann–Liouville derivative and integral respectively, and

f : [0, 1] × R2
→ R is continuous and e(t) ∈ L1[0, 1], σ ∈ (0, ∞) and η ∈ (0, 1) are given constants such that σηα−1

= 1.
By these conditions, the kernel of the linear operator L = Dα

0+ is one dimensional. It is therefore natural to consider the
case of two dimensions. Integer-order boundary value problems at resonance have been studied by many authors [8–17],
but there are few papers that consider the fractional-order boundary problems at resonance. So, motivated by the above
work and recent studies on fractional differential equations [18–27], in this paper we consider the existence of solutions for
a nonlinear fractional multi-point boundary value problem at resonance.

The purpose of this paper is to study the existence of a solution for boundary value problem (1.1), (1.2) at resonance, and
establish an existence theorem under a nonlinear growth restriction on f . Our method is based upon the coincidence degree
theory of Mawhin [28].

Now, we will briefly recall some notation and an abstract existence result.
Let Y , Z be real Banach spaces, L : dom(L) ⊂ Y → Z be a Fredholm map of index zero and P : Y → Y ,Q : Z → Z

be continuous projectors such that Im(P) = Ker(L),Ker(Q ) = Im(L) and Y = Ker(L) ⊕ Ker(P), Z = Im(L) ⊕ Im(Q ). It
follows that L|dom(L)∩Ker(P) : dom(L) ∩ Ker(P) → Im(L) is invertible. We denote the inverse of the map by KP . If Ω is an open
bounded subset of Y such that dom(L) ∩ Ω ≠ ∅, the map N : Y → Z will be called L-compact on Ω if QN(Ω) is bounded
and KP(I − Q )N : Ω → Y is compact.

The theorem that we used is Theorem 2.4 of [28].

Theorem 1.1. Let L be a Fredholm operator of index zero and N be L-compact on Ω . Assume that the following conditions are
satisfied:

(i) Lx ≠ λNx for every (x, λ) ∈ [(dom(L) \ Ker(L)) ∩ ∂Ω] × (0, 1);
(ii) Nx ∉ Im(L) for every x ∈ Ker(L) ∩ ∂Ω;
(iii) deg


JQN|Ker(L), Ω ∩ Ker(L), 0


≠ 0, where Q : Z → Z is a projection as above with Im(L) = Ker(Q ) and J : Im(Q ) →

Ker(L) is any isomorphism.

Then the equation Lx = Nx has at least one solution in dom(L) ∩ Ω .

The rest of this paper is organized as follows. In Section 2, we give some notation and lemmas. In Section 3, we establish
a theorem of existence of a solution for the problem (1.1), (1.2).

2. Background materials and preliminaries

For the convenience of the reader,we present here somenecessary basic knowledge and definitions for fractional calculus
theory. These definitions can be found in the recent literature [2,5,6].

Definition 2.1. The fractional integral of order α > 0 of a function y : (0, ∞) → R is given by

Iα0+y(t) =
1

Γ (α)

∫ t

0
(t − s)α−1y(s)ds

provided the right side is pointwise defined on (0, ∞). And we let I00+y(t) = y(t) for every continuous y : (0, ∞) → R.
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