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1. Introduction and notations

Throughout this paper all graphs are assumed to be simple, finite and connected. A function Top from the class of
connected graphs into real numbers with the property that Top(G) = Top(H) whenever G and H are isomorphic is known
as a topological index in the chemical literature; see [1]. There are many examples of such functions, especially those based
on distances, which are applicable in chemistry. The Wiener index [2], defined as the sum of all distances between pairs of
vertices in a graph, is probably the first and most studied such graph invariant, both from a theoretical and a practical point
of view; see for instance [3-11].

Suppose G is a graph, x, y € V(G) and A is a non-zero real number. The distance d(x, y) is the length of a shortest path
connecting x and y. We also define dé(u, v) = dg(u, v)* and *W (G) = Z{u,v)CV(G) d(u, v)*. The Schultz and Gutman indices
of a graph G are defined as:

Wi = ) (degg(u) + degg(v)de(u, v),
{u.v}CV(G)

Wi(G) = ) (degs(w)degs(v)dc(u, v).
{u,v}CV(G)

If G and H are graphs such that V(H) C V(G) and E(H) C E(G) then H is said to be a subgraph of G, denoted by H < G.
If F € V(G) then the subgraph (F); defined by V((F)c) = F and E({F)c) = {e = uv|e € E(G) and {u, v} C F} is called
the induced subgraph of G generated by F. An isometric subgraph L of G is a subgraph in which d; (u, v) = d¢(u, v), for all
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vertices u, v € V(L). We write L < G to show that L is an isometric subgraph of G. Clearly, F < H and H < G implies that
F < G. Define NTG(v) = {x € V(G)|ds(x, v) < r}. By this notation, |N2‘3(v)| = deg.(v) + 1.
Throughout this paper our notation is standard and taken mainly from [12-14].

Definition 1. Suppose H is a subgraph of G and v € V(H). The vertex v is called boundary vertex of H in G, if |Nzc(v)| -
|N§’(v)| > 0. The set of all boundary vertices of H in G is denoted by dc(H).

The following simple lemma is an immediate consequence of our definition.

Lemma 1. Let G and H be graphs, H < G, u € V(H) and v € V(G) — V(H). Then every path connecting u and v contains a
vertex of dg(H).

Suppose P = ua;a; - - - agv is an arbitrary path connecting u and v. Define P;(u, v) to be the following subgraph:

V(Ps(u,v)) = {u, ay, az, ..., aq, v},
E(Pc(u, v)) = {uay, ajva, ..., aq, v}.

If w is another vertex and vb1b; - - - b,w is path connecting v and w then P;(u, v) +P¢ (v, w) denotes the following sequence:
uaqaz - - - aqvb1b2 cee brw.

Suppose {ai}?:1 N {bi}._, = ¥. Then, Pc(u, v) + Pc(v, w) is a path connecting u and w, when u # w and a cycle, otherwise.
Also, the length of P;(u, v) is denoted by |Pg(u, v)|.

Suppose G is a graph, H, K are subgraphs of G. The union and intersection of H and K are denoted by H U K and H N K,
respectively. These are defined as:

EHUK)=EH)UEK); VHUK)=VH)UVEK)
EHNK)=EH)NEK); VHNK)=VH) NVE).

The union and intersection of a collection {H;}]_, of subgraphs are denoted by U,T=1 H; and ﬂ;ﬂ H;, respectively.

A subgraph H of G is called convex if any shortest path of G between vertices of H is already in H. In other words,
u,v € V(H) with |Ps(u, v)| = dg(u, v) implies that Pg(u, v) < H. It is clear that convexity is a transitive relation and
every convex subgraph is isometric, but its converse is not generally correct.

It is easy to see that for each non-trivial simple graph G and its convex subgraph H containing an edge e = uv, H — e is
not isometric, since dy_.(u, v) # dg(u, v) = 1. So, H is not convex. On the other hand, it is not so difficult to construct a
graph G having isometric subgraphs G; and G, such that G; U G, is not isometric. The same is true for the intersection of G,
and G,. On the other hand, one can construct a graph G having convex subgraphs G; and G, such that G; U G; is not convex,
but the intersection of convex subgraphs have convex component(s). In general, we have the following lemma:

Lemma 2. Suppose {H; {;1 is a sequence of convex subgraphs of a connected graph G. Then each component of ﬂ;;l H;is a
convex subgraph of G.

The previous lemma is not correct if we interchange the “convex subgraph” into “isometric subgraph”. In the following
two lemmas, two criteria for convexity and isometry of subgraphs are proved.

Lemma 3. Suppose H < G.If (V(H))c = H and there exists an isometric subgraph I of G such that dc(H) € V(I) € V(H) then
H LG

Proof. If it is not, take u, v € V(H) such that d¢(u, v) < dy(u, v). Suppose Ps(u, v) = ua;a,---a,v is a shortest path
in G. Since (V(H)); = H, there exists i, 1 < i < n, such that q; ¢ V(H). Consider P;(u, a;) + Pg(a;, v) = P¢(u, v)
and apply Lemma 1, to obtain vertices a,, a; such that {a,, a;} € 9g(H). Since there is I <« G such that {a,, a;} € V(I),
dg(ay, as) = dy(ay, as). Therefore, dy (a;, a;) < dg(a;, a;) + dg(a;, as), which is impossible. O

Lemma 4. Suppose G is a graph and H < G. If (V(H))¢ = H and there exists a convex subgraph I of G such that oc(H) C
V() C V(H) then H is convex.

Proof. It is enough to prove that if u, v € V(H) and Ps(u, v) is a path of length d¢(u, v) then Ps(u, v) < H. If not, since
(V(H))c = H there exists w € V(G) — V(H) such that P;(u, w) + Pg(w, v) is a shortest path between u and v. By Lemma 1,
there are vertices a,;, a, € dq(H) such that a,, € V(Ps(u, w)) and a, € V(Pg(v, w)). Now there are paths P¢(a,;, w) and
Pg(a,, w) such that Pg(an,, w) < Ps(u, w), Pg(a,, w) < Pg(v, w) and Pg(a,, w) + Pg(a,, w) is a shortest path connecting
a, and a,. Moreover, there is a convex subgraph ILV(I) € V(H) such that 9c(H) € V(I) and by definition P;(a,;, w) +
Pc(a,, w) <Iandsow € V(H) which is a contradiction. O
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