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a b s t r a c t

Given two ellipses, one surrounding the other one, Poncelet introduced a map P from
the exterior one to itself by using the tangent lines to the interior ellipse. This procedure
can be extended to any two smooth, nested and convex ovals and we call these types of
maps, Poncelet’s maps. We recall what he proved around 1814 in the dynamical systems
language: In the two ellipses’ case and when the rotation number of P is rational there
exists an n ∈ N such that Pn = Id, or in other words, Poncelet’s map is conjugate to a
rational rotation. In this paper we study general Poncelet’s maps and give several examples
of algebraic ovals where the corresponding Poncelet’s map has a rational rotation number
and is not conjugate to a rotation. Finally, we also provide a new proof of Poncelet’s result
based on dynamical and computational tools.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction and main results

Let γ and Γ be two Cr , r ≥ 1, simple, closed and nested curves, each one of them being the boundary of a convex set.
Furthermore we assume for instance that Γ surrounds γ .
Given any p ∈ Γ there are exactly two points q1, q2 in γ such that the lines pq1, pq2 are tangent to γ . We define Poncelet’s

map, P : Γ → Γ , associated to the pair γ ,Γ as

P(p) = Pγ ,Γ (p) = pq1 ∩ Γ ,

where p ∈ Γ , pq1 ∩ Γ is the first point in the set {pq1 ∩ Γ , pq2 ∩ Γ } that we find when, starting from p, we follow Γ
counterclockwise, see Fig. 1. Notice that P−1(p) = pq2 ∩ Γ .
The implicit function theorem together with the geometrical interpretation of the construction of P imply that it is a

Cr diffeomorphism from Γ into itself. So P can be seen as a Cr diffeomorphism of the circle and has associated a rotation
number

ρ = ρ(P) = ρ(γ ,Γ ) ∈ (0, 1/2).

See for instance [1,2] for the definition of rotation number. Notice that usually a rotation number is in (0, 1). Our choice of
q1 for Poncelet’s map implies that indeed ρ < 1/2. A well known result of Denjoy states that if Φ is any diffeomorphism
of the circle of class at least C2 and such that ρ(Φ) 6∈ Q then Φ is conjugate to a rotation of angle 2πρ(Φ), see [3, p. 107]
or [4, p. 45] for instance. So this is the situation for Poncelet’s map P when ρ(P) 6∈ Q and r ≥ 2.
With the above notation the celebrated Poncelet’s Theorem asserts that if γ and Γ are ellipses, with arbitrary relative

positions, and ρ = ρ(γ ,Γ ) ∈ Q then Poncelet’s map is also conjugate to the rotation of angle 2πρ in S1. In geometrical
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Fig. 1. Poncelet’s map.

terms, if starting at some point p ∈ Γ Poncelet’s process of drawing tangent lines to γ closes after n steps then the same
holds for any other starting point in Γ . There are several proofs of this nice result in [5, Sec. 4.3] and a different one, based
on a beautiful approach of Bertrand and Jacobi through differential equations and elliptic integrals in [6, pp. 191–194]. In
Section 4 we give another proof based on dynamical and computational tools, by using the results of [7]. The problem of
determining explicit conditions over the coefficients of the two ellipses to ensure that Poncelet’s map is conjugate to a
rational rotation was solved by Cayley. An excellent exposition of this result is given in [8].
A monograph devoted to Poncelet’s Theorem and related results has recently appeared, see [9].
It is clear that in Poncelet’s Theorem it is not restrictive to assume that γ = {x2+ y2 = 1}. The first question that we face

in this paper is the following: Is Poncelet’s result also true when we consider γ = {x2 + y2 = 1} and Γ given by an oval of
an algebraic curve of higher degree? We prove:

Theorem 1. Fix γ = {x2 + y2 = 1}. Then for any m ∈ N,m > 2, there is an algebraic curve of degree m, containing a convex
oval Γ , such that Poncelet’s map associated to γ and Γ has rational rotation number and it is not conjugate to a rotation.

This result will be a consequence of a more general result proved in Section 2, see Proposition 2. Moreover the full
dynamics of the introduced Poncelet’s maps P : Γ → Γ will be described in that section.
From Theorem 1 it is clear that, in general, Poncelet’s mapswith rational rotation numbers are not conjugate to rotations.

It is natural to wonder about this question when both ovals are level sets of the same polynomial map V : R2 → R. As one
of the simplest cases we consider the homogeneous map V (x, y) = x4 + y4, giving

γ = Γ1 = {x4 + y4 = 1} and Γ = Γk = {x4 + y4 = k},

for k ∈ R, k > 1. As we will see in Section 3 even in this situation the conjugacy with a rotation is not true.
As usual a planar map Φ will be called integrable if there exists a non-constant real valuated function V such that the

orbits generated byΦ are contained in its levels sets. The function V is called a first integral ofΦ and it holds that V (Φ) = V .
Poncelet’s maps also provide a natural way of defining an integrable map from an open set of R2 into itself as follows:

We foliate the open unbounded connected componentU of R2 \ Γ1 as

U :=
⋃
k>1

{x4 + y4 = k}.

Then Poncelet’s construction gives a new diffeomorphism, also of class Cr , that is defined fromU ⊂ R2 into itself, which
simply consists in applying to each point p the corresponding Poncelet’smap, associated to the level set of V passing through
p. For the sake of simplicity we also call it P . Notice that this map is trivially integrable by means of V (x, y) = x4 + y4, that
is V (P(x, y)) = V (x, y) for all (x, y) ∈ U.
As we will see in Section 3.4, this extended Poncelet’s map P will be useful to give properties of a functional equation

that helps to study integrable planar maps.
Finally, in the above context it is natural to introduce the rotation function ρ(k) := ρ(Γ1,Γk), as the rotation number of

P associated to γ and Γk, and to study some of its properties.
In the case of two concentric circles

γ = Γ̃1 = {x2 + y2 = 1} and Γ = Γ̃k = {x2 + y2 = k},

it is easy to prove that the rotation function ρ̃(k) = ρ(Γ̃1, Γ̃k) is the smooth monotonous function ρ̃(k) = arctan(k− 1)/π .
On the other hand, in Section 3 we will show that the function ρ(k) := ρ(Γ1,Γk), is much more complicated. Indeed all
what we prove seems to indicate that it has the usual shape of the rotation function of generic one-parameter families of
diffeomorphisms: the devil’s staircase, see for instance [10,11].
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