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base method. The general formula of convergence order is 5(m — 2) where m(>3) is the
step number. For a single instance of the iterative method we only compute two Jacobian
and inversion of one Jacobian is required. The direct inversion of Jacobian is avoided
by computing LU factors. The computed LU factors are used in the multi-step part for
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Ordinary differential equations solving five systems of linear equations that make the method computational efficient. The
Partial differential equations distinctive feature of the underlying multi-step iterative method is the single call to the
Computationally expensive nonlinear computationally expensive nonlinear function and thus offers an increment of additive-

functions factor of five in the convergence order per single call. The numerical simulations reveal that

our proposed iterative method clearly shows better performance, where the computational
cost of the involved nonlinear function is higher than the computational cost for solving five
lower and upper triangular systems.
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1. Introduction

Numerical iterative methods are attractive for solving nonlinear problems in the diverse area of science and technology.
It is hard to find closed form solutions for nonlinear problems, but numerical solvers provide the way to approximate them.
Even in the case of linear problems, when the size becomes large, direct methods become inefficient and often do not
produce accurate solutions. Thus iterative numerical methods represent a valid alternative to the use of direct numerical
procedures. Of course, we do not need just an iterative method, but we are looking for efficient numerical iterative methods.
Most of the iterative methods are proposed and tested for academic problems, but problems originated from real life are
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computationally expensive. A wide class of iterative methods when are seen in the real context are not of interest because
they are inefficient. Multi-step iterative methods are good candidates to qualify as efficient solvers. The multi-step iterative
methods consist of two parts namely base method that contains the Jacobian and its LU-factors information and the multi-
step part where we use LU-factor information to solve the system of linear equations. The efficiency of multi-step iterative
methods is hidden in the reuse of Jacobian information in the multi-step part. For each multi-step, we get an enhancement
in the convergence order at the cost of single evaluation of nonlinear function along with the solution of systems of linear
equations and matrix-vector multiplications. The development of iterative solvers for solving nonlinear ordinary differential
equations (ODEs) and partial differential equations (PDEs) is always of interest. The discretization of nonlinear ODEs and
PDEs provides the system of nonlinear equations that are known as weakly nonlinear systems. So the solutions of weakly
nonlinear systems of equations are also the topic of research in this article.

When we talk about iterative solvers for solving systems of nonlinear equations the most famous and classical method
come into mind is the Newton method [1,2] and its various variants. Let F(y) = [fi(y), £(¥), ..., fu(y)]" = 0 be system of
nonlinear equations and Newton method can be stated as

NR — Yo = initial guess
- Yo+t1 =Yn — F/(Yn)_1F(yn)7

where det (F’ (yn)) # 0.The convergence order of Newton method is two. The Newton method is computationally expensive
because we compute Jacobian and its inverse in each iteration. The multi-step version of Newton method [3] can be written
as

Number of steps =m>1 Yo = initial guess

Convergence order =m+1 Base method — F/(Y_O) &, = F(yo)
Function evaluations =m 3f’(1)r; XO 1_:11151_ :
MNR = 1 Jacobian evaluations =1 F/_(y ’) b1 = Fy,)
Number of LU-factorization = Multiost. " 0_ s+1_ = s
Number of solutions of lower ulti-step part — Yst1 =Vs — b py
and upper triangular systems = m end
YO - ynﬁ

where det (F’(yn)) # 0. MNR method is more efficient than NR method because its single instance requires one Jacobian
evaluation and its inversion in the form of LU factors. The convergence order of MNR is m + 1 which is low if we compare
it with number of function evaluations, so we have enough room for improvement in the convergence order compared to
function evaluations. Other classical iterative methods are Halley [4,5] and Chebyshev [6] methods which are respectively

Yy, = initial guess
F;(YH) ¢ = F(YH)”
Halley Method = { F (¥n) L(yn) = F'(yn)¢

1 -1
Y1 =¥Yn — |:I - EL(yn)] ¢

and

y, = initial guess
F (y,) ¢ = F(yn)
Chebyshev Method = { F (y») L(yx) = F'(y»)¢

1
Yor1 =¥Yn — |:I + EL(yn)] ¢.

The order of convergence of both iterative methods is three. The Halley method requires two inversions so it is an expensive
method. The Chebyshev method requires one Jacobian inversion, but the computation cost of second order Fréchet derivative
is high for a general system of nonlinear equations. There are also further classical iterative methods for solving system
of nonlinear equations, for instance the super-Halley method and the Euler-Chebyshev method. These methods are less
efficient, since they are characterized by low convergence order combined with a high computational cost. Another set of
one-point iterative methods for solving a system of nonlinear equations is described below:

Vot1 =¥n — 2nd order Newton-Raphson method

Vit1 =Yn—t — & 3rd order Chebyshev method

Vitr1=Yn—t —th) — 3 4th order (])
Vi1 =¥n—ti—th —t3 -1y 5th order

Vni1 =Vn—t —t, —t3 —ty — t5 6th order,

where G; = 1F (yn) ' FO (yn) t1 = F (¥) 'F(¥n). b = Gt ts = (—C +2C3) €.ty = (=536, +5C + Co) th, t5 =
(—Cs + 3C3 + 14C; — 21C5C% + 6C4C,) t3. The high computational cost of the iterative methods displayed in (1) makes
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