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1. Introduction

Let H(U) be the class of functions analyticin U = {z € C : |z| < 1} and H[a, n] be the subclass of H(U) consisting of
functions of the form f (z) = a + a,z" + a,412"' + - - -, with Hy = H[0, 1] and H = H[1, 1]. Let A(p) denote the class of all
analytic functions of the form

f@=2"+) aynd”™ (peN={1,2,3,..}:z€U). (1.1)

n=1

Let f and F be members of H(U). The function f (z) is said to be subordinate to F(z), or F(z) is said to be superordinate to
f(2), if there exists a function w(z) analytic in U with w(0) = 0 and |w(z)| < 1 (z € U), such that f(z) = F(w(z)).Insuch a
case we write f (z) < F(z).If F is univalent, then f (z) < F(z) if and only if f (0) = F(0) and f (U) C F(U) (see [1,2]).

Let ¢ : C> x U — C and h(z) be univalent in U. If p(z) is analytic in U and satisfies the first order differential
subordination:

¢ (p(2), 20'(2); 2) < h(2), (12)

then p(z) is a solution of the differential subordination (1.2). The univalent function q(z) is called a dominant of the solutions
of the differential subordination (1.2) if p(z) < q(z) for all p(z) satisfying (1.2). A univalent dominant g that satisfies § < q
for all dominants of (1.2) is called the best dominant. If p(z) and ¢ (p(z), zp'(2); z) are univalent in U and if p(z) satisfies
first order differential superordination:

hz) < ¢ (p@2), 20" (2);2), (1.3)
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then p(z) is a solution of the differential superordination (1.3). An analytic function q(z) is called a subordinant of the
solutions of the differential superordination (1.3) if q(z) < p(z) for all p(z) satisfying (1.3). A univalent subordinant g that
satisfies ¢ < q for all subordinants of (1.3) is called the best subordinant (see [1,2]).

Motivated essentially by Jung et al. [3], Liu and Owa [4] introduced the integral operator Qﬂ"‘y » - A(p) = A(p) as follows:

w _(pta+B—1\a (7 _r“” 51 . L
Qﬂ,pf(z)_< P4 f1 >z7/0 (1 ;) P (0dt, (@ >0;8>—1; peN), (1.4)

and
Q@ =f@), @=0;p>-1).
For f € A(p) given by (1.1), then from (1.4), we deduce that

F(oz—l—ﬂ—i—p)i rB+p+n i

a — 5P . _1-
Qs f(2) =2+ TES) n:1r(a+ﬂ+p+n)ap+nz (@>0; B>—-1;peN). (1.5)

It is easily verified from the definition (1.5) that (see [4])

2(Qf@) =(@+B+p—-1Q5, ' f@) — (@+B—1)Q,f@. (16)

We note that Qc{pf(z) = JpH) = CZ# f t“"If (2)dt (c > —p), where the operator Je,p is the generalized Bernardi-
Libera-Livingston integral operator (see [5]). Also, we note that the one-parameter family of integral operator Qﬁ"‘,1 = Qg‘
was defined by Jung et al. [3] and studied by Aouf [6] and Gao et al. [7].

To prove our results, we need the following definitions and lemmas.

Definition 1 ([1]). Denote by & the set of all functions q(z) that are analytic and injective on U \ E(q) where
E(q) = {{ e U : lingq(z) = oo} ,
z—

and are such that ¢'(¢) # 0 for ¢ € 9U \ E(q). Further let the subclass of & for which q(0) = a be denoted by
F(a), F(0)=Fpand F(1) = F.

Definition 2 ([2]). A function L (z, t) (z € U, t > 0) is said to be a subordination chain if L (0, t) is analytic and univalent in
U forallt > 0, L (z, 0) is continuously differentiable on [0; 1) forallz € Uand L (z, t;) < L(z, t;) forall0 < t; < t.

Lemma 1 (/8]). The function L (z,t) : U x [0; 1) —> C of the form
L(z,t) =a1()z 4+ ay()2* + - (a1(t) #0; t > 0),
and lim;_, » |a{(t)| = oo is a subordination chain if and only if

{zaL (z,t) )0z
e e —

L1 /ot } >0 (zeU, t>0).

Lemma 2 ([9]). Suppose that the function H : C*> — C satisfies the condition
Re{H (is; t)} < 0
forallrealsand forallt < —n (1 + 52) /2,n € N. If the function p(z) = 1+ paz" + ppp12™ ' + - - - is analytic in U and
Re {H (p(2);2v'(2))} >0 (z€U),
thenRe {p(z)} > 0forz € U.
Lemma 3 ([10]). Let «, y € C withk # 0and let h € H(U) with h(0) = c. If Re{xh(z) 4+ y} > 0(z € U), then the solution
of the following differential equation:
2q'(2)
kq(z) +y
is analytic in U and satisfies Re {xh(z) + y} > 0 for z € U.

qz) + =h@) (zeU;q0) =0
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