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1. Introduction

In this paper we shall be concerned with a fractional evolution equation of the form

d*x(t) t
e —A(x(t) = /0 B(t,s)x(s)ds +f(t), t>0 (1.1)
with the initial condition
x(0)=0 (1.2)

where0 < o < 1,foreacht € [0, T], T > 0, A(t) is a closed linear operator with dense domain D(A) which is independent
of t. Also, for0 < s <t < T, B(t, s) is a closed linear operator with domain at least D(A). Suppose Y is the Banach space
formed from D(A) with the graph norm ||y||y = ||A(0)y|| + |ly|| where ||| is the norm on the Banach space X. As A(t) and
B(t, s) are closed operators it follows that A(t) and B(t, s) are in the set of bounded operators from Y to X, 8(Y, X), for
0<t<Tand0 < s <t < T, respectively. Assume further that A(t) and B(t, s) are continuous on 0 < t < T and
0 < s <t < T,respectively, into B(Y, X). The function f : Rt — X is absolutely continuous. Let B(E) denote the Banach
space of all linear bounded operators in E endowed with the topology defined by the operator norm. It is assumed that the
operator [A(t) 4+ AI]~! exists in B(E) for any A with ReA > 0 and ||[A(t) + AI]7Y|| < IAI% foreach t € [0, T], where c is a
positive constant independent both of t and of A. Under these conditions each operator A(s), s € [0, T], generates an analytic
semigroup e~® ¢ > 0, and there exists a positive constant C independent both of t and of s such that

C
n —tA(s)
A" (s)e ™| < m
wheren=0,1,t > 0,s € [0, T].
It is further assumed that {T(t)};>o defined by T (¢)f(s) = f(t + s) is a G, semigroup on x with generator D; on domain
D(Dy), where x is a subspace of the set of bounded uniformly continuous functions on R* into X. Let us suppose that:

(Ho) {A(t)},0 <t < T,is astable family of generators such that A(t)x is strongly continuously differentiable on [0, T] for
x € D(A). In addition, B(t)x is strongly continuously differentiable on [0, T] for x € D(A); see [1-6].

(Hy) B(t) is continuous on [0, co) into B(Y, x).

(Hy) B(t),B'(t) : Y — D(D;) forallt,s > 0.

(H3) DsB(t), DsB'(t) are continuous on [0, co) into (Y, x).
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We shall first consider the fractional evolution equation of the form

d /d*x(t) t
— ( —A(t)x(t)) = Bi(t)x(t) + / B (t, s)x(s)ds + fi(t) (1.3)
dt dt« 0
with the initial conditions
0)=0 dx(©) =0 14
x(0) =0, e (1.4)

and then we obtain the solution of the problem (1.1) and (1.2).
2. Existence of solutions

Theorem 2.1. Assume that B{(t) and B,(t, s) are closed linear operators defined on dense sets in X into X with domain at least
D(A) and B; and B, satisfy (Hp)-(Hs), and f; : R™ — X is absolutely continuous; then the problem (1.3) and (1.4) has a unique
solution

t n t n s
x(t) = / / Wt = 1, DRG0 () dpady + / / / Wt — . M. RG. 7y () dndsdn.
0 0 0 0 0

Proof. First we assume that
dox(t)
dee
Hence formally, from [7],

—ADOx() = U(t). (2.1)

t t n
x(t) :[ Y (t —n, MmU@mdn +/ f Y (t —n, e, s)U(s)dsdn (2.2)
0 0 0

where ¥ (t,5) = a [;°0t%71¢,(0)e™"?49dg, ¢, is a probability density function defined on [0, oc], and ¢ is the unique
solution of the integral equation

t
¢(t, 7) = (L, 7) +/ P (t, $)1 (s, T)ds,

o1(t, T) = [A() — AP (t — 71, 7).
From (1.3), (1.4) and (2.2) we get

du(t) t topen
=2 - /O By(t)Y/ (¢ — 7 UG + /O /0 By(O)Y (¢ — 1. (. HU(s)dsdn
t z
+ / / By(t, 2 (z — 1. mU()dndz
0 0
t z n
+ / / / By(t. 29 (z — 1 M, )U(s)dsdndz + f (0) (2.3)
0 0 0
U(o) = 0. (2.4)
We rewrite Eq. (2.3) as
dU t t t t
T = / Cu(t, MUy + f Gt U(s)ds + / Co(t UG + / Ca(t, HU(s)ds + f1(0)
0 0 0 0
t t
_ / Cs(t. U + f Co(t, HUS)ds + i (t)
0 0
t
2/ G (t, s)U(s)ds + fi(t) (2.5)
0
where

t
t t s
= / By (t, ) (z — m, mdz, Ca(t, s) :/ / Bo(t, 2)¥(z — n, M (n, s)dndz, Gs(t, n)
n s Jz

= C](t, T]) =+ C3(t, 7}), Cs(f, S) = Cz(f, S) + C4(t, 5) and C7(t, S) = Cs(f, S) =+ CG(t, S). (26)
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