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a b s t r a c t

The spherical harmonic equations for radiative transport are a linear, hyperbolic set of bal-
ance laws that describe the state of a system of particles as they advect through and collide
with a material medium. For regimes in which the collisionality of the system is light to
moderate, significant qualitative differences have been observed between solutions, based
on whether the angular approximation used to derive the equations occurs in a subspace
of even or odd degree. This difference can be traced back to the eigenstructure of the coef-
ficient matrices in the advection operator of the hyperbolic system. In this paper, we use
classical properties of the spherical harmonics to examine this structure. In particular, we
show how elements in the null space of the coefficient matrices depend on the parity of
the spherical harmonic approximation and we relate these results to observed differences
in even and odd expansions.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The spherical harmonic equations are a set of linear, Hermitian hyperbolic balance laws that model radiation transport
through a material medium. For a purely scattering material (no absorption and no sources) and an infinite medium, the
time dependent version of these equations for the vector-valued unknown u:R3

× R≥0
→ Cn is∂tu(x, t) +

3
i=1

Ai∂xiu(x, t) + σs(x)Qu(x, t) = 0, (x, t) ∈ R3
× R>0

u(x, 0) = u0(x), x ∈ R3.

(1)

Here the initial condition u0 is given; the matrices Ai are constant and Hermitian; Q is a constant diagonal matrix with
non-negative entries; and the non-negative coefficient σs(x) is the scattering cross-section.

The kinetic interpretation (1) is straightforward. Let f :R3
× S2

× R≥0
→ R≥0, where S2 is the unit sphere in R3, be the

solution of the linear kinetic equation
∂t f (x, Ω, t) + Ω · ∇xf (x, Ω, t) + σs(x)Qf (x, Ω, t) = 0, (x, Ω, t) ∈ R3

× S2
× R>0

f (x, Ω, 0) = f0(x, Ω), (x, Ω) ∈ R3
× S2.

(2)
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Here Q, which models particle scattering at the kinetic level, is an integral operator in Ω at each (x, t); for any function
h: S2

→ R,

(Qh)(Ω) = h(Ω) −


S2

g(Ω · Ω ′)h(Ω ′)dΩ ′, (3)

where g is a bounded probability distribution on [−1, 1].
Let θ ∈ [0, π) and ϕ ∈ [0, 2π) be polar and azimuthal angles on the sphere so that, in Cartesian coordinates, Ω =

(Ω1, Ω2, Ω3) = (sin θ cosϕ, sin θ sinϕ, cos θ). For any integer ℓ ≥ 0, let Yℓ: S2
→ C2ℓ+1 be a vector-valued function

whose components are the 2ℓ + 1 spherical harmonics of degree ℓ (we abuse notation and let Ym
ℓ (θ, ϕ) = Ym

ℓ (Ω)):

Y k
ℓ (θ, ϕ) =


(2ℓ + 1)

4π
(ℓ − k)!
(ℓ + k)!

Pk
ℓ (cos θ) eikϕ, |k| ≤ ℓ, (4)

where Pk
ℓ is an associated Legendre function:

Pk
ℓ (µ) =


(1 − µ2)k/2

dkPℓ

dµk
(µ), k ≥ 0,

(−1)k
(ℓ + k)!
(ℓ − k)!

P−k
ℓ (µ), k < 0,

(5)

and Pℓ: [−1, 1] → R is the degree ℓ Legendre polynomial, normalized such that
 1
−1 |Pℓ|

2
= 2/(2ℓ + 1).

Given a fixed positive integer N , set Y = [YT
0, . . . , Y

T
N ]

T . Then Y: S2
→ Cn, where n =

N
ℓ=0 2ℓ + 1 = (N + 1)2.

The spherical harmonic approximation of f is given by

fN(x, Ω, t) := YH(Ω)u(x, t) =

N
ℓ=0

YH
ℓ (Ω)uℓ(x, t) =

N
ℓ=0


|k|≤ℓ

Y k
ℓ (Ω)uk

ℓ(x, t), (6)

where u = ⟨YfN⟩ satisfies (1), with Ai and Q given by

Ai = ⟨ΩiYYH
⟩ and Q = ⟨Y(QYH)⟩, (7)

where QYH is evaluated component by component, and we have adopted the shorthand notation ⟨·⟩ :=


S2(·) dΩ . Here
YH is the conjugate transpose of Y, and we have adopted for u the natural indexing for the spherical harmonics, namely
u = [uT

0, . . . ,u
T
N ]

T , where for each ℓ,uℓ = [u−ℓ
ℓ , . . . , u0

ℓ, . . . , u
ℓ
ℓ]

T . Because f is a real-valued function, the number of inde-

pendent components in u is only (N + 1)2. Indeed, since Y k
ℓ = (−1)kY−k

ℓ , it follows that uk
ℓ := ⟨Y k

ℓ fN⟩ = (−1)k⟨Y−k
ℓ fN⟩ =

(−1)ku−k
ℓ .

The matrices Ai can be computed using the following recursion relations to expand ΩiY in terms of spherical
harmonics [1]:

ΩY k
ℓ =

1
2

 −ck−1
ℓ−1Y

k−1
ℓ−1 + dk−1

ℓ+1Y
k−1
ℓ+1 + ek+1

ℓ−1Y
k+1
ℓ−1 − f k+1

ℓ+1 Y
k+1
ℓ+1

i

ck−1
ℓ−1Y

k−1
ℓ−1 − dk−1

ℓ+1Y
k−1
ℓ+1 + ek+1

ℓ−1Y
k+1
ℓ−1 − f k+1

ℓ+1 Y
k+1
ℓ+1


2(akℓ−1Y

k
ℓ−1 + bkℓ+1Y

k
ℓ+1)

 , (8)

where the nonzero recursion coefficients are known, see [1], and we set Y k
ℓ ≡ 0 for ℓ < 0 and |k| > ℓ. The relations in (8)

follow directly fromwell-known recursion formulas for the associated Legendre functions; see, for example, [2]. The matrix
Q, on the other hand, is found by expanding g in Legendre polynomials and applying the additional formula for spherical
harmonics. See, for example [3, Appendix A].

We focus in this paper on the structure of thematricesAi; the specific values of thematrix elementswill not be necessary.
The values of the matrix elements in Q are also not necessary.

2. Difference between N odd and N even

In practice, the spherical harmonic equations are rarely applied with even values of N . Most of the discussion in the liter-
ature on this point refers to the reduced equations in a slab geometry. In this case, many of the elements of u are identically
zero, but the equations for the N + 1 nonzero elements again form a hyperbolic balance law in one dimension with a single
flux matrix A. (See for example [4, Section 3.5], [3, Appendix D], [5, Section 8.4], [6, Chapter 10], or [7, Section 2.1].) The dis-
advantages of even N in slab geometry are noted, somewhat in passing, in [4,5,3]. To our knowledge, the most substantial
(although somewhat dated) presentation, which includes some of the discussion below, can be found in [6, Chapter 10].

For N odd, the eigenvalues of A appear in pairs that differ only by sign; for N even, they also appear in signed pairs,
except for a single zero eigenvalue. This zero eigenvaluemeans that for steady-state equations in a void (σs = 0), the system
has an infinite number of solutions and is therefore not well-posed. In addition, the specification of well-posed boundary
conditions is more complicated: any strong-form prescription which treats both ends of the slab in the same way leads to
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