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1. Introduction

The spherical harmonic equations are a set of linear, Hermitian hyperbolic balance laws that model radiation transport
through a material medium. For a purely scattering material (no absorption and no sources) and an infinite medium, the
time dependent version of these equations for the vector-valued unknown u: R® x R=% — C"is

3

dux, ) + Y Aidgu(x, t) + ox(0Qu(x, 1) =0, (x,1) € R’ x R™°
i=1

u(x,0) = up(x), x e R%.

(1)

Here the initial condition ug is given; the matrices A; are constant and Hermitian; Q is a constant diagonal matrix with
non-negative entries; and the non-negative coefficient o;(x) is the scattering cross-section.

The kinetic interpretation (1) is straightforward. Let f: R® x §? x RZ% — RZ°, where S is the unit sphere in R3, be the
solution of the linear kinetic equation

(2)

f(x, 2,t) + 2 - Vif (x, 2, ) + 0,(x)Qf (x, 2,t) =0, (x,£2,t) e R> x §? x R™°
f(X,Q,O):fO(X,.Q), (X,Q)€R3XSZ.
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Here @, which models particle scattering at the kinetic level, is an integral operator in £2 at each (x, t); for any function
h:S$? —> R,

(@h)(2) = h(2) — / g(2 - 2)Hh(£2)ds', 3)
s2

where g is a bounded probability distribution on [—1, 1].

Let & € [0,7) and ¢ € [0, 27) be polar and azimuthal angles on the sphere so that, in Cartesian coordinates, 2 =
(821, £22, £23) = (sin6 cos ¢, sin 6 sin ¢, cos ). For any integer £ > 0, let Y,:S? — C**! be a vector-valued function
whose components are the 2¢ + 1 spherical harmonics of degree ¢ (we abuse notation and let Y;*(0, ¢) = Y;*(£2)):

} et e, o
Y (0,9) = T(£+I<)!P‘(C059)e A (4)

where P,’j is an associated Legendre function:

k
) a —M)"/z‘;—lﬁ(m, k>0,
Pf(w) = N (5)
(=1 (E_k)'Pz (u), k<0,

and P;: [—1, 1] — R s the degree £ Legendre polynomial, normalized such that f_11 P> =2/20+1).

Given a fixed positive integer N, set Y = [YJ, ..., Y,]". Then Y: §* — C", wheren = 3} ;2¢ 4+ 1= (N + 1)%.
The spherical harmonic approximation of f is given by

N

N —
fux 2.0 =Y (2)u ) =D Y @ukx 1) =) Y YHuix 1), (6)
£=0

=0 [k|<t
where u = (Yfy) satisfies (1), with A; and Q given by
A= (2YY") and Q= (Y(@Y")), (7)

where @Y is evaluated component by component, and we have adopted the shorthand notation (-) := fgz(-) ds2. Here
Y! is the conjugate transpose of Y, and we have adopted for u the natural indexing for the spherical harmonics, namely

u=[ul,... ul]", whereforeach ¢,u, = [u;", ..., u, ..., ul]". Because f is a real-valued function, the number of inde-
pendent components in u is only (N + 1). Indeed, since Y} = (—1)*Y, %, it follows that u¥ := (Y¥fy) = (=)%Y, *fy) =
(—=Dkuy*,

The matrices A; can be computed using the following recursion relations to expand £2;Y in terms of spherical
harmonics [1]:
k—1y/k—1 k—1y k=1 | kd-1y k41 k+1y k41
—C Yooy Hd Yoy e Yy — £l Y

k1| kotyk—1 _ kCTykST | kb iykel | pkddy ket
2Y, =5 ’(Ceqyeq dp1 Yo He Y —fis Yz+1) ) (8)

2a5 Y, + b’2+1YZ‘+1)
where the nonzero recursion coefficients are known, see [1], and we set sz = 0for ¢ < Oand |k| > ¢. The relations in (8)
follow directly from well-known recursion formulas for the associated Legendre functions; see, for example, [2]. The matrix
Q, on the other hand, is found by expanding g in Legendre polynomials and applying the additional formula for spherical
harmonics. See, for example [3, Appendix A].
We focus in this paper on the structure of the matrices A;; the specific values of the matrix elements will not be necessary.
The values of the matrix elements in Q are also not necessary.

2. Difference between N odd and N even

In practice, the spherical harmonic equations are rarely applied with even values of N. Most of the discussion in the liter-
ature on this point refers to the reduced equations in a slab geometry. In this case, many of the elements of u are identically
zero, but the equations for the N 4 1 nonzero elements again form a hyperbolic balance law in one dimension with a single
flux matrix A. (See for example [4, Section 3.5], [3, Appendix D], [5, Section 8.4], [6, Chapter 10], or [7, Section 2.1].) The dis-
advantages of even N in slab geometry are noted, somewhat in passing, in [4,5,3]. To our knowledge, the most substantial
(although somewhat dated) presentation, which includes some of the discussion below, can be found in [6, Chapter 10].

For N odd, the eigenvalues of A appear in pairs that differ only by sign; for N even, they also appear in signed pairs,
except for a single zero eigenvalue. This zero eigenvalue means that for steady-state equations in a void (o; = 0), the system
has an infinite number of solutions and is therefore not well-posed. In addition, the specification of well-posed boundary
conditions is more complicated: any strong-form prescription which treats both ends of the slab in the same way leads to
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