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a b s t r a c t

We consider the numerical approximation of a general second order semi-linear parabolic
partial differential equation. Equations of this type arise inmany contexts, such as transport
in porous media. Using the finite volume with two-point flux approximation on regular
mesh combined with exponential time differencing of order one (ETD1) for temporal
discretization, we derive the L2 estimate under the assumption that the non linear term
is locally Lipschitz. Numerical simulations to sustain the theoretical results are provided.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Flow and transport are fundamental in many geo-engineering applications, including oil and gas recovery from
hydrocarbon reservoirs, groundwater contamination and sustainable use of groundwater resources, storing greenhouse
gases (e.g. CO2) or radioactive waste in the subsurface, or mining heat from geothermal reservoirs. Mathematical models
of such processes are coupled systems of nonlinear equations with possibly degeneracy appearing in the diffusion and
transport terms. The focus of this paper is only on advection–diffusion problem below, involving a nonlinear reaction term,

∂X
∂t

= ∇ · (D(x)∇X)− ∇ · (q(x)X)+ f (x, X) (x, t) ∈ Ω × [0, T ] , (1)

whereΩ is an open domain of Rd, d ∈ {2, 3}, D is the symmetric dispersion tensor, X is the unknown concentration of the
contaminant, q the Darcy’s velocity and f the reaction and source term. For the sake of simplicity, without loss of generality,
we assume that f is explicitly independent of time. Themodel equation (1) finds interest inmany engineering problemswith
specific coefficients. Finite element, finite volume or the combination finite element-finite volumemethods aremostly used
for space discretization of the problem (1) while explicit, semi implicit and fully implicit methods are usually used for time
discretization (see [1–7]). Due to time step size constraints, fully implicit schemes are more popular for time discretization
for quite a long time compared to explicit Euler schemes. However, implicit schemesneed at each time step a solution of large
systems of nonlinear equations. This can be the bottleneck in computations. Improving the efficiency of implicit schemes
is currently a major interest in many applications. Recently [8,9] have proposed some alternative techniques to solve the
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corresponding nonlinear equations in implicit schemes based on fixed point iterations in [9], and fixed point iterations
coupled with high order splitting technique in [8]. Although the convergence of fixed points methods is generally linear, a
quadratic convergence has been obtained in [9]. Recent years, exponential integrators have become an attractive alternative
inmany evolutions equations (see [10–16,15,17]). In contrast to classical methods, they are robust with respect to the Péclet
number, they do not require the solution of large linear systems. Instead they make explicit use of the matrix exponential
and related matrix functions. The price to pay is the computing of the matrix exponential functions of the non diagonal
matrices, which has revived interest and significance progresses nowadays (see [14,13,15,16,15]).

In this work, we combine a finite volume method with the first order exponential time differencing scheme of order 1
(ETD1). Although both discretization techniques have been together used for solving evolutionary problems like (1) (see
[10–12]), a proper combination of rigorous convergence proof of them has been lacking so far. Furthermore the nonlinear
term is assumed to be locally Lipschitz, which covers many reaction functions in geo-engineering applications.

The paper is organized as follows. In Section 2, we present the semigroup formulation of (1), the existence and
uniqueness of the solution alongwith some proprieties of themild solution. In Section 3, we present the finite volume space
discretization of (1), the existence and the uniqueness of the corresponding semi-discrete problem, and the L2 error estimate
between the exact solution and the semi-discrete solution. Section 4 presents the time discretization of the semi-discrete
problem based on ETD1 scheme, along with the convergence proof of the fully discrete scheme based on finite volume
method and ETD1 scheme. We end by providing numerical simulations to sustain the theoretical results in Section 5. These
results also show the efficiency of the ETD1 scheme compared to the standard time integrators, from which ETD1 scheme
is ten times faster than the standard implicit scheme.

2. Semigroup formulation and well posedness

Let us start by presenting briefly the notation of the main function spaces and norms that we will use in this paper.
We denote by ∥ · ∥ the norm associated to the inner product (·, ·) of the Hilbert space H = L2(Ω). The norms in the
Sobolev spaces Hm(Ω), m > 0 will be denoted by ∥.∥m. The space H−1(Ω) is the dual of H1

0 (Ω) equipped with the norm
∥u∥−1 = supv∈H1

0 (Ω)
|(u,v)|
∥u∥1

. For a Banach space V , we denote by L(V) the set of bounded linear mapping from V to V and by

L2(0, T ,V) the set of all functions v defined onΩ × (0, T ) for which v(., t) ∈ V , l ∈ L2(0, T )with l : t → ∥v(., t)∥V .
We assume that the domain Ω is bounded, has a smooth boundary or is a convex polygon. For the sake of simplicity,

without loss of generality, we use the homogeneous Dirichlet boundary condition and also assume that the Darcy velocity q
is known, and satisfies the mass conservation for incompressible fluids without internal source, that is ∇ · q = 0. However
for ∇ · q ≠ 0, our analysis also works when ∇ · q > 0. The comments on how to extend to the case ∇ · q < 0 are given at
Remarks 3.2 and 2.1.

For a given initial condition X0 ∈ H , the model problem (1) is reformulated as: find the function X ∈ L2(0, T ,H1(Ω))
such that

∂X/∂t + AX = f (x, X) (x, t) ∈ Ω × [0, T ]
X(x, 0) = X0 x ∈ Ω

X(x, t) = 0 (x, t) ∈ ∂Ω × (0, T ] ,
(2)

where

AX = −∇ · (D∇X)+ ∇ · (q(x)X)

= −

d
i,j=1

∂

∂xi


Di,j(x)

∂X
∂xj


+

d
i=1

qi(x)
∂X
∂xi
.

For well posedness of (2), we assume that D is symmetric, Di,j ∈ L∞(Ω), qi ∈ L∞(Ω) and there exist two positive constants
c1 > 0 and L > 0 such that

d
i,j=1

Di,j(x)ξiξj ≥ c1|ξ |2 ∀ξ ∈ Rd x ∈ Ω c1 > 0, (3)

and

|f (x, u)− f (x, v)| ≤ L (1 + |u|γ + |v|γ ) |u − v| ∀u, v ∈ R x ∈ Ω, (4)

where γ = 2 for d = 3 and γ ∈ [0,∞) for d = 2.
Set V = H1

0 (Ω), the bilinear form associated to the operator A is given by

a(u, v) =


Ω


d

i,j=1

Di,j
∂u
∂xj

∂v

∂xi
+

d
i=1

qi
∂u
∂xj
v


dx u, v ∈ V . (5)
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