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a b s t r a c t

Let Pγ (β), β < 1, denote the class of all normalized analytic functions f in the unit disc
D = {z ∈ C : |z| < 1} such that

Re

eiφ


(1 − γ )

f (z)
z

+ γ f ′(z)− β


> 0, z ∈ D

for some φ ∈ R. Let M(µ, α), 0 ≤ µ < 1, denote the Pascu class of α-convex functions of
order µ and given by the analytic condition

Re
αz(zf ′(z))′ + (1 − α)zf ′(z)
αzf ′(z)+ (1 − α)f (z)

> µ

which unifies S∗(µ) and C(µ), respectively, the classes of analytic functions that map D
onto the starlike and convex domain. In this work, we consider integral transforms of the
form

Vλ( f )(z) =

 1

0
λ(t)

f (tz)
t

dt.

The aim of this paper is to find conditions on λ(t) so that the above transformation carry
Pγ (β) into M(µ, α). As applications, for specific values of λ(t), it is found that several
known integral operators carry Pγ (β) intoM(µ, α).

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction and key lemmas

Let A denote the class of all functions f analytic in the open unit disc D = {z ∈ C : |z| < 1} with the normalization
f (0) = f ′(0) − 1 = 0 and S be the class of functions f ∈ A that are univalent in D. A function f ∈ S is said to be starlike
or convex, if f maps D conformally onto the domains, respectively, starlike with respect to origin and convex. Note that f is
convex in D if and only if zf ′ is starlike in D follows from the well-known Alexander theorem (see [1] for details).

The generalization of these two classes are given by the following analytic characterizations;

S∗(µ) :=


f ∈ A : Re

zf ′(z)
f (z)

> µ, 0 ≤ µ < 1


K(µ) :=


f ∈ A : Re


1 +

zf ′′(z)
f ′(z)


> µ, 0 ≤ µ < 1


,

so that S∗(0) ≡ S∗ and K(µ) ≡ K are the starlike and convex classes respectively.
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A function f ∈ A is said to be in the Pascu class of α-convex functions of order µ (0 ≤ µ < 1) if [2]

Re
αz(zf ′(z))′ + (1 − α)zf ′(z)
αzf ′(z)+ (1 − α)f (z)

> µ.

or in other words

αzf ′(z)+ (1 − α)f (z) ∈ S∗(µ).

This class is denoted byM(α, µ). Note thatM(0, µ) = S∗(µ) andM(1, µ) = K(µ)which implies thatM(α, µ) is a smooth
passage between the class of starlike and convex functions.

Further, f ∈ A is said to be close-to-convex in D, with respect to a starlike function g , if f satisfies the analytic
characterization, Re


eiσ zf ′(z)

g(z)


> 0, z ∈ D, σ ∈ R. These close-to-convex functions f satisfy a nice geometric property

that the complement of image of D under f are the union of closed halflines such that the corresponding open halflines are
disjoint [3, Theorem 2.12, p. 52]. We denote by C the class of all close-to-convex functions in D.

The main objective of this work is to find conditions on the non-negative real valued integrable function λ(t) satisfying 1
0 λ(t)dt = 1, such that the operator

F(z) = Vλ( f )(z) :=

 1

0
λ(t)

f (tz)
t

dt (1.1)

is in the class M(α, µ). Note that this operator was introduced in [4]. To investigate this admissibility property the class to
which the function f belongs is important. Let Pγ (β), β < 1, denote the class of all normalized analytic functions f in the
unit disc D such that

Re

eiφ


(1 − γ )

f (z)
z

+ γ f ′(z)− β


> 0, z ∈ D

for some φ ∈ R. This class and its particular cases were considered bymany authors to prove that the operator given by (1.1)
is univalent under certain conditions and inM(α, µ) for some particular values ofα andµ. Thisworkwasmotivated in [4] by
studying the conditions underwhich Vλ(P1(β)) ⊂ M(0, 0) and generalized in [5] by studying the case Vλ(Pγ (β)) ⊂ M(0, 0).
In [6] the conditions under which Vλ(P1(β)) ⊂ M(1, 0)were studied. An extensive study of Vλ(Pγ (β)) to the classM(0, µ)
is in [7] and to the classM(1, µ) is in [8].

One of the main tools in the objective of this work is the following. If f and g are in A with the power series expansions
f (z) =


∞

k=0 akz
k and g(z) =


∞

k=0 bkz
k respectively, then the convolution or Hadamard product of f and g is given by

h(z) =


∞

k=0 akbkz
k.

ForΛ : [0, 1] → R integrable over [0, 1] and positive on (0, 1), let

LΛ( f ) := inf
z∈∆

 1

0
Λ(t)


Re

f (tz)
tz

−
1

(1 + t)2


dt, f ∈ C, (1.2)

and

LΛ(C) = inf
f∈C

LΛ( f ). (1.3)

Fournier and Ruscheweyh [4] have established the following:

Theorem 1.1. (i) If Λ(t)
1−t2

is decreasing on (0, 1) then LΛ(C) = 0.

(ii) If λ : [0, 1] → Re R is non-negative with
 1
0 λ(t)dt = 1,Λ(t) =

 1
t λ(t)

dt
t satisfies tΛ(t) → 0 for t → 0+ and

Vλ( f ) =

 1

0
λ(t)

f (tz)
t

dt, f ∈ A, (1.4)

then for βλ < 1 given by

βλ

1 − βλ
= −

 1

0
λ(t)

1 − t
1 + t

dt, (1.5)

we have for β = βλ : Vλ(Pβ) ⊂ S and

Vλ(Pβ) ⊂ S∗
⇔ LΛC = 0.

For β < βλ there exists f ∈ Pβ with Vλ( f ) not even locally univalent.
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