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Abstract

In this paper, we generalize Cerone’s results, and a unified treatment of error estimates for a general inequality satisfying f (n—=1)
being of bounded variation is presented. We derive the estimates for the remainder terms of the mid-point, trapezoid, and Simpson
formulas. All constants of the errors are sharp. Applications in numerical integration are also given.
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1. Introduction

In 2000, Cerone, Dragomir and Pearce [1] proved the following trapezoid type inequalities.

Theorem 1. Let f : [a, b] — R be a function of bounded variation. Then we have the inequality

b—a a+b b
5[ 5 +‘x— 5 H\a/(f) (1.1)

forall x € [a, b, where \/Z(f) denotes the total variation of f on the interval [a, b].

b
/ f(@)ydt —[(x —a)f(a) + (b —x) f(D)]

The inequality (1.1) is a perturbed generalization of the trapezoidal inequality for mapping of bounded variation.
Using (1.1), Cerone et al. further obtained the following error estimate for the composite quadrature rule.

Theorem 2. Let f be defined as in Theorem 1; then we have

b n—1
[ fdr = Z[(&' — X)) f(xi) + (Xip1 — &) f (gD ]+ ROf). (1.2)
a i=0
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The remainder term R( f) satisfies the estimate

v(l) xi+xis1 1\ b
IR()] < [— e 'a - } \/(f) <) \a/(f), (1.3)
where v(l) == max{l;|i =0,1,...,n— 1}, [; = xj+1 — x; and & € [x;, xj41].

In this paper, following the main ideas of Vinogradov [2], we give a unified treatment of error estimates for a
general quadrature rule satisfying f~1 being of bounded variation. Using the perturbed inequality, we obtain
the error bounds for the mid-point, trapezoid and Simpson quadrature formulas. We also generalize Euler trapezoid
formulas [3].

2. The main results
A sequence of polynomials {u; }(° is called a sequence of Appell type polynomials if ug = 1, u} = ux_1(k € Z).
Lemmal. Let f : [a,b] — R be such that f"Y is a function of bounded variation on [a,b] for some

n>1,n € Zi. Moreover, if n = 1, f(t) is continuous at x, x € [a, b]. Suppose that {ri}, {sk} are sequences of Appell
type polynomials on [a, x) and {uy}, {vi} are sequences of Appell type polynomials on (x, b]. Let m € N, m < n,

qn(t) = tp_pm (O)vy (1), t € (x,b].

Then we have the following equality:

b (_l)n b »
/ fdi— = / ke (e, 1) df D)

n

kn(x, 1) = {pn(t) = Fp—m ()sy (1), t € la,x);
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where C' = —m!(,:’im)!.

Proof. Integrating by parts in the sense of Riemann and Stieltjes, we can easily obtain Lemma 1. [

Remark 1. Actually, f (n=1) {5 continuous if it is of bounded variation when n > 1. If k; (x, ) is continuous at x, we
can weaken the conditions of Lemma 1. In this case, it is not necessary that f(¢) is continuous at x.

Theorem 3. Let f be defined as in Lemma 1. Suppose thatm € N,n € Z1, m <n and A € [0, 1]. Then we have

‘/ f@)ydr — C—Im Z |:Z C’ c i = )m—j+i] (b —x)"") — (‘a —x)" FO=1=D) ()
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