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Abstract

In this paper, we generalize Cerone’s results, and a unified treatment of error estimates for a general inequality satisfying f (n−1)

being of bounded variation is presented. We derive the estimates for the remainder terms of the mid-point, trapezoid, and Simpson
formulas. All constants of the errors are sharp. Applications in numerical integration are also given.
c© 2007 Elsevier Ltd. All rights reserved.

Keywords: Bounded variation; Appell type polynomial; Bernoulli polynomial; Ostrowski’s inequality; Trapezoidal inequality

1. Introduction

In 2000, Cerone, Dragomir and Pearce [1] proved the following trapezoid type inequalities.

Theorem 1. Let f : [a, b] → R be a function of bounded variation. Then we have the inequality∣∣∣∣∫ b

a
f (t) dt − [(x − a) f (a) + (b − x) f (b)]

∣∣∣∣ ≤

[
b − a

2
+

∣∣∣∣x −
a + b

2

∣∣∣∣] b∨
a

( f ) (1.1)

for all x ∈ [a, b], where
∨b

a( f ) denotes the total variation of f on the interval [a, b].

The inequality (1.1) is a perturbed generalization of the trapezoidal inequality for mapping of bounded variation.
Using (1.1), Cerone et al. further obtained the following error estimate for the composite quadrature rule.

Theorem 2. Let f be defined as in Theorem 1; then we have∫ b

a
f (t) dt =

n−1∑
i=0

[(ξi − xi ) f (xi ) + (xi+1 − ξi ) f (xi+1)] + R( f ). (1.2)
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The remainder term R( f ) satisfies the estimate

|R( f )| ≤

[
ν(l)

2
+ max

i=0,1,...,n−1

∣∣∣∣ξi −
xi + xi+1

2

∣∣∣∣] b∨
a

( f ) ≤ ν(l)
b∨
a

( f ), (1.3)

where ν(l) := max{li |i = 0, 1, . . . , n − 1}, li = xi+1 − xi and ξi ∈ [xi , xi+1].

In this paper, following the main ideas of Vinogradov [2], we give a unified treatment of error estimates for a
general quadrature rule satisfying f (n−1) being of bounded variation. Using the perturbed inequality, we obtain
the error bounds for the mid-point, trapezoid and Simpson quadrature formulas. We also generalize Euler trapezoid
formulas [3].

2. The main results

A sequence of polynomials {uk}
∞

0 is called a sequence of Appell type polynomials if u0 = 1, u′

k = uk−1(k ∈ Z+).

Lemma 1. Let f : [a, b] → R be such that f (n−1) is a function of bounded variation on [a, b] for some
n ≥ 1, n ∈ Z+. Moreover, if n = 1, f (t) is continuous at x, x ∈ [a, b]. Suppose that {rk}, {sk} are sequences of Appell
type polynomials on [a, x) and {uk}, {vk} are sequences of Appell type polynomials on (x, b]. Let m ∈ N , m ≤ n,

kn(x, t) =

{
pn(t) = rn−m(t)sm(t), t ∈ [a, x);

qn(t) = un−m(t)vm(t), t ∈ (x, b].

Then we have the following equality:∫ b

a
f (t) dt −

(−1)n

Cm
n

∫ b

a
kn(x, t) d f (n−1)(t)

=



1
Cm

n

n−1∑
k=0

(−1)n−1−k
[
q(k)

n (b) f (n−1−k)(b)

− q(k)
n (a+) f (n−1−k)(a)

]
, x = a;

1
Cm

n

n−1∑
k=0

(−1)n−1−k
[
(p(k)

n (x−) − q(k)
n (x+)) f (n−1−k)(x)

+ q(k)
n (b) f (n−1−k)(b) − p(k)

n (a) f (n−1−k)(a)
]
, x ∈ (a, b);

1
Cm

n

n−1∑
k=0

(−1)n−1−k
[

p(k)
n (b−) f (n−1−k)(b)

− p(k)
n (a) f (n−1−k)(a)

]
, x = b,

where Cm
n =

n!

m!(n−m)!
.

Proof. Integrating by parts in the sense of Riemann and Stieltjes, we can easily obtain Lemma 1. �

Remark 1. Actually, f (n−1) is continuous if it is of bounded variation when n > 1. If k1(x, t) is continuous at x , we
can weaken the conditions of Lemma 1. In this case, it is not necessary that f (t) is continuous at x .

Theorem 3. Let f be defined as in Lemma 1. Suppose that m ∈ N , n ∈ Z+, m ≤ n and λ ∈ [0, 1]. Then we have∣∣∣∣∣
∫ b

a
f (t) dt −

1
Cm

n

n−1∑
j=0

[
U∑

i=L

C i
j C

n−m−i
n− j (1 − λ)m− j+i

]
(b − x)n− j

− (a − x)n− j

(n − j)!
f (n−1− j)(x)

−
1

Cm
n

n−1∑
j=n−m

Cn−m
j λn− j (x − a)n− j f (n−1− j)(a) − (x − b)n− j f (n−1− j)(b)

(n − j)!

∣∣∣∣∣



Download	English	Version:

https://daneshyari.com/en/article/472568

Download	Persian	Version:

https://daneshyari.com/article/472568

Daneshyari.com

https://daneshyari.com/en/article/472568
https://daneshyari.com/article/472568
https://daneshyari.com/

